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Abstract. We study a geometric analogue of the Iwasawa Main Conjecture for abelian 
varieties introduced by Mazur in the two following cases: 

(1) Constant ordinary abelian varieties over Zp-extensions of function fields ramifying 
at a finite set of places. 

(2) Semistable abelian varieties over the arithmetic Z p -extension of a function field. 
One of the tools we use in our proof is a pseudo-isomorphism relating the duals of the 
Selmer groups of A and its dual abelian variety A*. This holds as well over number fields 
and is a consequence of a quite general algebraic functional equation. 
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1. Introduction 

1.1. Our main results. We prove in this paper some cases of Iwasawa Main Conjecture 
for abelian varieties over function fields and we also prove an algebraic functional equation 
for abelian varieties over global fields. We fix a prime number p (p = 2 is allowed). Let K 
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be a global field of characteristic or p and let A be an abelian variety over K of dimension 
g. Let L be a Z^-extension of K (d > 1), unramified outside a finite set of places, with 
r := Gal(L/K), and write Q(A) for the fraction field of the Iwasawa algebra A := Z p [[r]]. 
Let X p (A/L) denote the Pontryagin dual of the Selmer group Sel p °o(A/L) (the definition 
of the latter will be recalled in £ 14.0.51 below) . 

We first assume that K is of characteristic p and consider the cases where either 

(a) A is a constant ordinary abelian variety, 
or 

(b) A is an abelian variety with at worst semistable reduction, and L is the arithmetic 
Zp-extension (which we shall denote by K^)- 

In both cases X p (A/L) is finitely generated over A, hence we can define the characteristic 
ideal x(A^ p (j4/£)) ( £)2.2.1I below will recall the definition of characteristic ideals). It is a 
principal ideal of A, and we let ca/l G A denote a generator (called a characteristic element 
associated with X P (A/L)), which is of course unique up to elements in A x . Note that 
C A/L 7^ if and only if X p (A/L) is torsion. 

For oj a continuous character of T and T a finite set of places of K, let Lt(A, uj, s) denote 
the twisted Hasse-Weil L-function of A with the local factors at T taken away. In case 
(a), T will be the ramification locus of L/K and in case (b), it will consist of those places 
where A has bad reduction (see £ 17.31 and £19.1.31 for more detail) . Note that if the image of 
to is contained in 0, the ring of integers of a finite extension of Q p , then to can be uniquely 
extended to a continuous 0-algebra homomorphism 0[[r]] — > O. Our first main theorem 
is the following: 

Theorem 1.1. In both cases (a) and (b) above there exists a "p-adic L-function" Ca/l £ 
Q(A) such that for any continuous character u: T — >■ C x , lo(Ca/l) ^ defined and 

u{£a/l) = *A,T,u -L T (A,u,l) (1) 
for an explicit fudge factor *a,t.w ■ Furthermore, 

£a/l = *a,l ■ c A /l mod A x (2) 

for a precise *a,l £ Q(A) X / A x . 

Theorem II. II summarizes the main results of this paper: the interpolation formula (pQ) is 
proven in Theorems 17. 3. Il and l9.1. 51 (case (a) and (b) respectively), while ([2]) is the content 
of Theorems 11.31 and 11.61 For the precise expression of *a,t,uj and we refer to these 
theorems: here we just note that one has = 1 in case (a) and *a,t,uj = 1 in case (b). 

Now consider the more general case: 

(c) A has potentially ordinary reduction at each ramified place of L/K while K is of char- 
acteristic or p. 

Obviously, case (c) contains both cases (a) and (b). It is known that in case (c) the module 
X p (A/L) is finitely generated over A (see £ )5.ip . so the characteristic ideal x(X p (A/L)) and 
the characteristic element ca/l £ A are defined. Let : A — y A, A i— y A", denote the 
isomorphism induced by the inversion r ->• T, 7 ^ 7- 1 (see § I2XT]) . Let A t denote the 
dual abelian variety of A. 
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Theorem 1.2. Suppose A has potentially ordinary reduction at each ramified place of L/K. 
Then 

X (X P (A/L)) = X {X P {A/L)f = xiXM'/L))- 

If X p (A/L) is not a torsion A- module, the statement is obvious (by definition the charac- 
teristic ideal of a non-torsion finitely generated A-module is and the last equality follows 
from the trivial Lemma l5.2.ip . So the real content of Theorem 11.21 is that if X p (A/L) is 
torsion we have 

X p (A/L) ~ X P (A/Lf ~ XpiA'/L), (3) 

(where ~ denotes pseudo-isomorphism of A- modules). In the number field case, results in 
this direction were obtained in [Maz72j §7], |Gr89l §8] and [P03j (see also [ZablO] for a 
non- commutative generalization) . 

A key ingredient in the proof of Theorem 11.21 will be a more general duality result, 
Theorem I3.1.5[ which will also play a crucial role in case (a) of Theorem 11.11 

1.1.1. Motivation: elliptic curves over Q. To put our results in perspective let us review 
the first and most studied case in the Iwasawa theory of abelian varieties over global fields, 
i.e., when K = Q and A = E is an elliptic curve with good ordinary reduction at p > 2. 
The only Z p -extension of Q is the cyclotomic Z p -extension Qooi which can be viewed as the 

(p) 

analogue of K <£> . We have the following statements: 
(IMC1) X p (E /Qoo) is a finitely generated torsion A-module; 

(IMC2) there exists an element £e/Qoo £ A such that for any finite character u of V we have 

w (Ae/QoJ = *e, p ,uj ■ L(E,Q, 1) 

for an explicit fudge factor *E,p,v', 
(IMC3) we have an equality of ideals of A 

Here (IMC1) follows from the works of Mazur, Rubin and Kato ( jMaz72j |Rubin91| IKa04j ) . 
and (IMC2) was proved by Mazur and Swinnerton-Dyer ( |MS74| )F1 As for (IMC3) (usu- 
ally referred to as the Iwasawa Main Conjecture), it was first proved by Rubin ( |Rubin9T] ) 
when E has complex multiplication. Later Kato ( |Ka04| ) proved that ce/l divides Ce in 
A[i]. In 2002, Skinner and Urban announced that Ce divides ce/l assuming a conjecture 
on the existence of the Galois representation for automorphic forms on U(2, 2) and under 
certain conditions on E (see |SU111 Corollary 3.6.10]). 

Note that for general A and K the analogue of (IMC1) is not always true: it can 
happen that ca/l = 0j f° r example if K is a quadratic extension of a number field k and 
L/k is dihedral, as may be deduced from [MR07] . In the appendix, we give a family of 
similar examples of vanishing cj^/l in characteristic p. However, X p (A/L) is a torsion 
A-module in "most" cases by |Tanl2( Theorem 7] (to which we refer for the precise meaning 
of "most"). 



Under the assumption of modularity, but now we know that all elliptic curves defined over Q are modular. 
2 As in the number field case, this happens in a situation where Heegner points appear; it might however 
be interesting to note that in the function field case the tower of extensions generated by Heegner points is 
quite bigger: its Galois group contains Z^°! See e.g. |Br04] . 
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1.2. A closer look at our results. In the rest of this introduction we survey the main 
ideas used in the paper and provide more precise statements of our results. First we remark 
that the methods of our proof of Theorem 11.11 in cases (a) and (b), given in Parts [2] and [3] 
respectively, are extremely different. One should remember the difference between Iwasawa 
theory for CM and not CM elliptic curves in the number field case. Actually, in the function 
field setting, the CM abelian varieties are essentially those defined over the constant field 
and the existence of the Frobenius endomorphism will provide a key element in our proof in 
case (a); as mentioned above, we shall also need the algebraic functional equation of Section 
[3j As for case (b), our methods will be geometric, based on cohomological techniques. The 
two cases have an intersection when A is constant and L is the arithmetic extension: in 
Subsection 19.31 we will check that the results coincide. 

1.2.1. Part\^ the algebraic functional equation. Here we are in the setting of case (c): in 
particular, K is allowed to be a number field. In order to prove Theorem 11.21 we introduce 
the notion of T-system. Since this formalism can be applied in a wide range of contexts, 
we develop it axiomatically, as a means to deal with dualities in Iwasawa towers over any 
global field. Basically, a T-system consists of two projective systems of finite abelian p- 
groups, {a n } and {b n }, endowed with an action of T and such that a n can be identified 
with the Pontryagin dual of b n for all n: see §3.1 for the precise axioms. We also ask 
that the projective limits o and b are finitely generated torsion A-modules. Then the 
natural question is if there is any relation between the characteristic ideals of o and b": in 
Theorem 13.1.51 we will prove that the two modules are actually pseudo-isomorphic under 
certain assumptions (one - that is, being pseudo-controlled - quite natural, the rest more 
technical) . 

In Section 5, we prove Theorem 11.21 by reviewing some necessary background about the 
Cassels-Tate duality and then applying the T-system machinery to compare the p-Selmer 
groups of an abelian variety and its dual, when X p (A/L) is A-torsion. Subsection 15.31 
enounces some more precise results that can be obtained when the endomorphism algebra 
of A is split at p. 

1.2.2. Part\^ the constant ordinary case. Here we deal with case (a). In §7.1.11 we shall 
define the Stickelberger element 6l € A as the value at u = 1 of a certain power series 
@l( u ) € A[[ii]]: by construction Ol, interpolates Dirichlet L-functions L(u,s) for all contin- 
uous characters uj: T — > C x . Following [Maz72| . we associate with A the twist matrix u: 
let {ctj} be its set of eigenvalues (see £ )6.4. II below). It turns out that in case (a) of Theorem 
II. li the p-adic L- function C^/L equals 

0a,l :=n©iK rl )©iK rl ) tt - 

As for the fudge factor *a,Tw m the interpolation formula (UJ), it is somewhat complicated 
and will be defined only in section 17.31 Now we just note that here T is the ramification 
locus of L/K and *a,t,w comes mostly from the functional equation for L(ui,s) (necessary 
in order to deal with &l(u)^): see Theorem 17.3.11 which gives our analogue of (IMC2) 
in this setting. (As for (IMC1), X p (A/L) will be torsion, and hence c^il 0> when L 

contains , by either [Tanl2l Theorem 2] or |OT09l Theorems 1.8 and 1.9]). 

Our analogue of the Iwasawa Main Conjecture (IMC3) in case (a) is the following: 



As we learned only after this paper had been essentially completed, our definition of F-system is very 
similar to the notion of "normic system" introduced in [Vau091 Definition 2.1]. The main difference is that 
Vauclair does not include a duality in his definition. 
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Theorem 1.3. Let A be a constant ordinary abelian variety over the function field K. For 
any Z, p - extension L/K unramified outside a finite set of places, we have 

X (X P (A/L)) = (9 AjL ). (4) 

An immediate consequence is the following criterion, which might turn out useful for 
computationally verifying when X p (A/L) is A-torsion. 

Corollary 1.4. The Selmer group §e\ p °°{A/ L) has positive A-corank if and only if O(u) 
vanishes at some a~ l . 

The main ingredient of our proof consists in splitting X p (A/L) in a Frobenius and Ver- 
schiebung part. When L contains the arithmetic extension, the Frobenius part is related to 
the Iwasawa module of the trivial motive: by a theorem of Crew, the characteristic ideal of 
the latter is generated by the Stickelberger element 6l- This will lead us to "one half of 
the conjecture; the second half is then deduced by means of Theorem I3.1.5( which in this 
setting yields a functional equation relating the Verschiebung part of X p (A/L) with the 
Frobenius part of X p (A t /L) (Proposition 16 . 2 ,"5|) . Finally, the case when L does not contain 
the arithmetic extension is obtained by means of the main theorem of |Tanl2| . 

1.2.3. Part\^ the arithmetic extension case. Here we deal with case (b): L is K&\ the 
arithmetic Z p -extension (that is, the one obtained by extending only the constant field of 
the base field). In order to explain our results, we need first to introduce some cohomology 
groups and operators between them (these definitions will be repeated, in more detail, in 
section ISTTj) . 

We write C/F for the smooth proper geometrically connected curve which is the model 
of the function field K over its field of constants F. Let Coo := C Xf (where k& 
denotes the Zp-extension of F) and tt : Cqo — > C be the etale covering with Galois group 

Gal(K^/K). 

Let A denote the Neron model of A over C. Let Z the finite set of points where A has 
bad reduction. Denote by Lie(A) the Lie algebra of A. Let be the ith cohomology 
group of 

RF^,^ Lie(A(-Z))) ® L Q p /Z p . 

Let D be the covariant log Dieudonne crystal associated with A /K as constructed in |KT03[ 
IV]. The syntomic complex Sd is the mapping fibre of "1— Frobenius" in the derived cate- 
gory of complexes of sheaves over Cet ( |KT03[ §5.8]). Let be the ith cohomology group 
of 

RT(C 00 ,tt*S d )® l Q p /Z p . 

Theorem 1.5. For i = 0, 1, 2 and j = 0, 1, the Pontryagin duals of and Lio are finitely 
generated torsion A-modules. 

The proof shall be given in Corollaries IKXil and IKXTUl Note that, by |KT03j . X p (A/K^) 
is a submodule of the dual of iV^, , so Theorem 11.51 provides a proof of the analogue of 
(IMC1) in case (b). This was already known by |OT09| . whose argument is simplified in 
the present paper. 

Formula (|1 15j) in section 18^21 will define / , (?) G Q(A)/ A x as the alternating product of 

the characteristic elements associated with the duals of and L^o (in Part [3] we prefer to 
work with characteristic elements rather than characteristic ideals mostly because some of 
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these factors come with negative exponent). Because of the relation between X p (A/K^') 
and N^q, we can write 

where * ( P ) consists of terms whose arithmetic meaning is explained in Proposition 18.2.51 
We define the p-adic L-function £ ( p ) as the alternating product of determinants of 

^/ "oo 

the action of "1— Frobenius" on the log crystalline cohomology of D(—Z) (see £ j9.1.2l for the 
precise expression). In the spirit of (IMC2), Theorem 19.1.51 proves that C . ( P ) satisifies 

the interpolation formula ([TJ, with T = Z and *a,u = 1- 

Finally, we can state our analogue of the Iwasawa Main Conjecture (IMC3) in case (b). 

Theorem 1.6. Let A be an abelian variety with at worst semistable reduction relative to 
the arithmetic extension K^} /K. We have the following equality in Q(A) X / A x : 

C a/k£> = h/K^ ■ 

The proof is based on a generalization of a lemma of cr-linear algebra that was used to 
prove the cohomological formula of the Birch and Swinnerton-Dyer conjecture (see |KT03l 
Lemma 3.6]). 

Subsection 19.21 investigates the consequences of Theorem 11.61 in the direction of a p-adic 
Birch and Swinnerton-Dyer conjecture. The following result can be seen as a geometric 
analogue of the conjecture of Mazur-Tate-Teitelbaum ( [MTT86] ): 

Theorem 1.7. Assume that A/K has semistable reduction. Then 

ord(£ A/K (p)) = ord s= i(L z (A,s)) > rank z A{K) . 

If moreover A/K verifies the Birch and Swinnerton-Dyer Conjecture, the inequality above 
becomes an equality and 

\ L ( £ A/K^P X = CBSD ■ m ° d Z P ' 

where cbsd is the leading coefficient at s = 1 of Lz(A,s). 

Here ord denotes the "analytic rank" and L the "leading coefficient" of power series in A 
(see N9.2.2l for precise definitions). The proof will be provided in Theorems 19.2.71 and 19.2.61 
Proposition 18.2.31 will prove that very often the error term |(A^)r| is just 1. 

We end Part [3] by generalizing the constructions of chapter 9 and 10 to arbitrary log 
Dieudonne crystals and by considering several open questions. 

Acknowledgements. The fourth author has been supported by EPSRC. He would like also 
to express his gratitude to Takeshi Saito for his hospitality at the University of Tokyo 
where part of this work has been written. Authors 2, 3 and 4 thank Centre de Recerca 
Matematica for hospitality while working on part of this paper. Authors 1, 2 and 3 have 
been partially supported by the National Science Council of Taiwan, grants NSC98-2115- 
M-110-008-MY2, NSC100-2811-M-002-079 and NSC99-2115-M-002-002-MY3 respectively. 
Finally, it is our pleasure to thank NCTS/TPE for supporting a number of meetings of the 
authors in National Taiwan University. 



V 



2. Settings 

In this section we set notations for later use and recall some well-known facts about 
Iwasawa algebras and modules. 

Let K be a global field. In Parts [2] and [3] we will specify K to be a characteristic p function 
field, but for now we do not impose any restriction, since results in Part [1] hold also in the 
number field case. As usual, for v a place of K, we will write K v for the completion of K 
at v. 

We fix a Zp-extension L/K, d > 1, with Galois group T := Gal(L/K). We recall that 
one important difference between number fields and function fields is that in the latter case 
there is room for many more Z p -extensions: actually, if char(K) = p there is no bound on 
the Zp-rank of an abelian extension of K. As mentioned in the introduction, a distinguished 

one is the arithmetic Z p -extension K^ /K, that is, the one obtained by extending only the 
constant field of the base field, which is unramified everywhere. All other Z p -extensions 
will ramify at some places (and some can even ramify at infinitely many places). 

Let S denote the ramification locus of L/K: a basic assumption throughout this paper 
is that S is a finite set. Put T n := T/r pn ~ (Z p /p n Z p ) d . Let K n denote the nth layer of 
L/K, so that T n = Gsl(K n /K) and G&l(L/K n ) = T pU =: r< n > . 

We shall be concerned with the complete group ring A := Z p [[r]]. The choice of a Z p -basis 

{ji} for T = ©f =1 r yf p — Z p yields an isomorphism A ~ Z p [[Ti, ...,2d]] where Tj := 7^ — 1. 
It follows that the Iwasawa algebra A is indeed a unique factorization domain. 

2.1. Iwasawa algebras. Even if our main interest lies in A, we are going to need Iwasawa 
algebras A(r') := Z p [[T']] for other topologically finitely generated abelian p-adic Lie groups 
r'. Even more generally, assume that O is the ring of integers of some finite extension of 
Q p , and let Aq(T') denote the complete group ring 0[[r']]. It has the usual topology as 
inverse limit 

hmO[r7A] 
A 

where A runs through all finite index subgroups and as a topological space 0[r'/A] is just 
a finite product of copies of O. In the following, by A- or Ae>(r')-module we will always 
mean a topological one, with continuous action of the scalar ring. 

2.1.1. Any group homomorphism <j): V — > Ao(T') x gives rise by linearity to a ring ho- 
momorphism 0[T'] — > Ao(T'); if moreover <j) is continuous, the latter map extends to 
4>: Ao(r') —> Ao(r'). The most important occurrences in our paper will be the following. 

(HI) The inversion V T', 7 1-4 7 -1 , gives rise to the isomorphism 

•»: AoCrO— > Ao(r'), 

sending an element A to A". 
(H2) Suppose <p: V — > O x is a continuous homomorphism. Let 

0*: A (F') — ►Ao(r') 

be the ring homomorphism determined by </>*(7) := 4>{^l)~ l • 7 for 7 G V . Since on 
r' the composition (ff o (cj)" 1 )* is the identity map, we see that 4>* is an isomorphism 

on Ao(r'). 



8 



LAI, LONGHI, TAN, AND TRIHAN 



The particular importance of the map for us stems from the fact that if ( , ) is a T- 
invariant pairing between A-modules then 

(A -a, 6) = (a,A tt ■ b) (5) 

for any A € A. 

2.2. Iwasawa modules. Assume that V is isomorphic to Z™ for some n, so that Aq(X') — 
0[[Ti, T n ]]. By definition a A0(r')-module M is pseudo-null if and only if no height 
one prime ideal contains its annihilator (i.e., if for any height one prime p the localization 
M p = is trivial). A comprehensive reference is |Bou651 §4]. 

Lemma 2.2.1. A finitely generated Ao(T')-module M is pseudo-null if and only if there 
exist relatively prime f±, ft € Aq, k > 2, so that fiM = for every i. 

Proof. Since Ao(r') is a unique factorization domain, all height one prime ideals are prin- 
cipal and the claim follows. □ 

A pseudo-isomorphism is a homomorphism with pseudo-null kernel and cokernel. We 
will write M ~ N to mean that there exists a pseudo- isomorphism from M to N. 

Lemma 2.2.2. A composition of pseudo-injections {resp. pseudo- surjections, resp. pseudo- 
isomorphisms) is a pseudo-injection [resp. pseudo-surjection, resp. pseudo-isomorphism). 
Pseudo-isomorphism is an equivalence relation in the category of finitely generated torsion 
Ao(r') -modules. 

Proof. Let a: M — > N and /3: N — > P be two morphisms of Ae)(r')-modules. The first 
claim follows observing that there are exact sequences 

— ► Ker(a) — ► Ker^S o a) — > Im(a) n Ker(/3) — > 

and 

Coker(a) — > Coker(/3 o a) — ► Coker(/3) — > 0. 

For the second statement, the only thing left to prove is symmetry. Let a: M — > N be 
a pseudo-isomorphism. Let T be the set of height one primes containing Ann^ ^/-j(M) 
and put S := (Aq(T') — U pg Tp)- The map a®l: S~ 1 M — > S~ X N is an isomorphism of 
S^ 1 Ae)(r')-modules: let (3 be its inverse. Then 

Kom s -, Ko{TI) {S- l N,S- l M) ~ 5- 1 Hom Ao(r , ) (AT,M) 

implies s(3 G Hom Ac ,(r')(A r , M) for some s € S and sj3 is the required pseudo-isomorphism. 
For more details, the reader is referred to the proof of |Bou65( §4, no. 4, Th. 5]. □ 

Lemma 2.2.3. Let a: M — > N and (3: N — > M be two pseudo-injections of finitely gener- 
ated torsion Ao(T') -modules. Then f3 o a is a pseudo-isomorphism. 

Proof. By hypothesis, the localized maps a p and /3 P are injective for all p of height one. 
Besides, M» and Nn are finitely generated torsion Ae>(r')p-modules. We show that /3 P o a p 
is surjective. 

Let r be such that p r M p = 0. Also, let «(p) be the residue field of the discrete valuation 
ring Ao(T')p. We use induction on r. If r = 1, then the composite map /3 p o a p is an 
injection of the finite dimensional K(p)-vector space M p into itself: hence it has to be 
surjective. For r > 1, the endomorphism induced by /3 p oa p on m p := il/ p /A/ p [p] is injective 
and p r_1 m p = 0, so the map is surjective on m p (induction hypothesis) and on M p [p] (by 
the first step): hence it is surjective also on M p . □ 
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2.2.1. We are still assuming T' ~ Z" Suppose M is a finitely generated torsion Ao(r')- 
module. By the general theory of modules over a Krull domain, there is a pseudo-isomorphism 

m 

$ : 0A o (rO/erA o (r')^M, (6) 

1=1 

where each £j is irreducible. We shall denote [M] := ®™ x Ae)(r')/£[* Ao(r'). Since a non- 
zero element in [M] cannot be simultaneously annihilated by relatively prime elements of 
A£)(r'), there is no non-trivial pseudo-null submodule of [M], and hence <£> is an embedding. 
We know that [M] is uniquely determined by M up to isomorphism, but <I> is not uniquely 
determined by M. However, we shall fix one such <J> and view [M] as a submodule of M. □ 
For a finitely generated A-module M, let XOV (M) C Aq denote its characteristic ideal: 
in the notations of © it is 

m 

xoAM) ■■- \[m 

1=1 

if M is torsion and if not. If O = Z p and V = T, we write x := Xo,r*- 

2.3. Twists. Let M be a Ao(r')-module. Any endomorphism a : Ao(T') — > Ao(V) defines 
a twisted Ae>(r')-module Ao(r') a®A (r') Af , where the action on the copy of Aq(T') on 
the left is via a (i.e., we have (a(A)/x) <g> m = fj, ® Am for A, // G Ao(r') and m € M) and 
the module structure is given by 

A • (/i (g> m) := (A/i) <g> m (7) 

(where A^, is the product in Ao(T') ). If moreover a is an isomorphism, Aq(T') Q <S>A (r') M 
can be identified with M with the Ae>(r')-action twisted by a -1 , since in this case ([7]) 
becomes 

A • (1 <g> m) = 1 <g> a~ l {\)m . (8) 

Lemma 2.3.1. Let a be an automorphism of Aq(T') ~ 0[[Ti, T n ]]. Suppose M is a 
finitely generated torsion Ao(T')-module with 

m 

[M] = 0A o (r')/C l Ao(r'). 

i=i 

Then 

m 

[A (0 «®A (ro M] = A (r') a ® Ao(r0 [M] = 0A o (r')/ate) ri A (T'), 

i=i 

and hence 

Xo,r> ( Ao(r') a <8>A (r') M) =a(xo,r'(Af)). 

Proof. It is immediate from ([5]) that if a pseudo-null A" is annihilated by coprime /i, /2, 
then Ao(r') Q 8 A?~ is annihilated by coprime ct(fi), ct(/2), whence pseudo-null. Thus the 
functor Ao(r / ) Q ,<8) — preserves pseudo-isomorphisms. Since it also commutes with direct 
sums, we are reduced to check the equality 

A (r') Q ® (A (r')/£p A (r')) = A (r')/a(&p A (r') , 

which is obvious by exactness of Aq(T') Q <g> — . □ 
4 The notation [ ■ ] is intentionally reminiscent of the one denoting the integral part of a number. 
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We are going to apply the above with the isomorphisms considered in (HI), (H2) of 
£12.1. li In particular, we shall write 

M» :=A (r')|j®A (r')M 

and, for (f> as in (H2), 

M(</>) : =A (r')^® Ao(n M. (9) 

Since is an involution, ([8]) shows that the action of Aq(T') becomes A • m = X^m. As for 
4>* , note that, if we endow O with the trivial action of V , then the Acj-module 0{4>) can 
be viewed as the free rank one O-module with the action of V through multiplication by 
4>, in the sense that 

7 • a = (ft('y)a for all 7 6 T', a € 0{4>) . 
Then for a A^j-module M we have 

M(<f>) = 0(4>) ®o M, 

where T 1 acts by 

7 ■ (a <8> x) := (7 ■ o) (g> (7 • x) = ^(7) • (a <g> jx) . 

2.4. Some more notations. In order to lighten the notation, for an O-module 9JT and an 
O-algebra R, we will often use the shortening 

RDJt := R®oW- 

The Pontryagin dual of an abelian group B will be denoted B w . Since we are going 
to deal mostly with finite p-groups and their inductive and projective limits, we generally 
won't distinguish between the Pontryagin dual and the set of continuous homomorphisms 
into the group of roots of unity /x p oo := U m /x p m . Note that we shall usually think of f-tpoc as a 
subset of Q p (hence with the discrete topology), so that for a A-module M homomorphisms 
in M v will often take value in Q p . 

We shall denote the f/;-paxt of a G-module M (for G a group and tp € G v ) by 

M W :={x £ M I g ■ x = ip(g)x for all g G G}. (10) 

Part 1. The algebraic functional equation 

3. Controlled T-systems and the algebraic functional equation 
3.1. T-systems. Consider a collection 

21 = {a n , b n , { , )»,CC I n, m € N U {0}, n > m} 

such that 

(r-1) a n , b n are finite abelian groups, with an action of A factoring through Z p [r n ]. 
(r-2) For n > m, 

%m ' a rn x b m > d n X b n , 

£ m ■ tin x b n > a m x b m 
are T-morphisms such that x^ n (a m ) C a n , x^ibm) C b n , ^ 

(On) C (bn) C b 

and = = id. Also, {a n x b n , r^} n form an inductive system and {ct n x b n , 
form a projective system. 
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(r-3) We have 

C°C = N r„/r m : An x b n — ► a n x b n 
(where ^r n /r m := So-eKer(r„->r m ) a ls ^ ne norm associated with T n -» T m ) and 

f« „ r n _ d(n-m) • i . > , r 

(T-4) For each n, ( , } n : a n x b n ^ Qp/Zp is a perfect pairing (and hence u n and b n are 
dual p-groups) respecting T-action as well as the morphisms rj^ and E™ in the sense 
that 

(7 • 0,7 • 6) n = (a, 6) n V7 € T, 

(a,C(6)) n = (C(«),6) m (11) 

and 

(x n m (a),b)n = (a,e m (b)) m . 

Write 

a := lim a n and b := lim b n . 

«— <— 

n n 

In the following, we let t n denote the natural map 

a x b — > a n x b n . 

Definition 3.1.1. We say 21 as above is a T-system if both a and b are finitely generated 
torsion A-modules. 

Definition 13.1.11 can be extended to the notion of a complete T-system, for which we 
stipulate that for each finite intermediate extension F of L/K there are Gal(-F/-fT)-modules 
Of and bp with a pairing ( , )p, and for any pair F, F' of finite intermediate extensions with 
F C F', there are T-morphisms and tp satisfying the obvious analogues of (r-l)-(r-4). 

We say that 21 is part of a complete T-system {ap, bjr, ( , )p,Xp,tp'} if o n = a^- n , 
b n = bjf n , = tj£™ and 6™ = E^™. Obviously this implies a = lim f of and b = lim^ bp. 

3.1.1. Some more definitions. We say that the T-system 21 is twistable of order k if there 
exists an integer k such that p n+k a n = for every n (this definition shall be justified in 
g333] below). 

Definition 3.1.2. An element f £ A(T) is simple if there exist 7 € T — T p and C € /J, p00 
so that 

f=hc-= n (7-^0). 

<7GGal(Q p (C)/Q P ) 

It is easy to check that simple elements are irreducible in A and that 

(/</,<') = (/y,c) (V) Zp = 7 Zp and C' € Gal(Q p (C)/Q P ) ■ C • (12) 
In particular, we have 

(/ 7 ,c)" = (/ 7 -i, f ) = (/y,c)- ( 13 ) 
Assume that 21 is a complete T-system. Let i 7 be a finite intermediate extension and let 
L'/F be an intermediate Zp-extension of L/F. Write 

a L'/F = ^52 a F' 5 andbx J i/p= hjn b^'- 

FcF'cL' FCF'CL' 

They are modules over Ay/p := Z p [[Gal(L'/F)]]. Set the condition 

(T): For every finite intermediate extension F and every intermediate 1 -extension L'/F 
of L/F, ay /p and by /p are finitely generated and torsion over Ay /p. 
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3.1.2. Morphisms. A T-system 21 = {a n ,b n , ( , ) n ,t^,t^} is oriented if we have fixed an 
order of the pairs (On,b n ). We define a morphism of oriented T-systems 

ai = {an,M, )*t(ja)^,t(ao—>c = {c n , ?>„,(, >$,t(e)£,t(e)£} 

to be a collection of morphisms of T-modules f n : a n — > c n , <jr n : Z> n — > b n commuting with 
the structure maps and such that (/ n (a),<i)^ = {a,g n (d)} < ^ for all re. 

A pseudo-isomorphism of (oriented) T-systems is a morphism 21 — > <£ such that the 
induced maps o — > c, d — > b are pseudo-isomorphisms of T- modules. 

Example 3.1.3. Given an oriented T-system 21 = {a n ,b n } and A G A, we can define 
A • 21 := {Aa n , A"b n } and 21 [A] := {o n [A], b n /A"b n }, with the pairing and the transition maps 
induced by those of 21. It is easy to check that A • 21 and 21 [A] are T-systems and that 
the exact sequences o„[A] ■— s> a n -» Aa„ and A^b^ ^ b n -» bn/A'b n provide morphisms of 
oriented T-systems 21 [A] — > 21 and 21 — ^ A • 21. 

3.1.3. The algebraic functional equation. The pairing in (T-4) induces for any n an isomor- 
phism of A-modules between at, and b^ (the twist by the involution " is due to ([5])). The 
main question we are going to ask about T-systems is if the following holds: 

b ~ aK (14) 

A weaker question is if we have the algebraic functional equation: 

x(b) = x(a) S - (15) 
Next we give our answers to these questions. 
Definition 3.1.4. Given a T-system 21 we put 

o° x b° :=lim (J Ker(r™'). 

n n>>n 

A T-system 21 is pseudo-controlled if o° x b° is pseudo-null. 

The following, proved in in §3.31 is our theorem on the algebraic functional equation. 
Theorem 3.1.5. Let 

21 = {o„, b n , ( , } n , C,C | n,m G N, n > m} 
be a pseudo-controlled T-system. Then there is a pseudo-isomorphism 

a tt ~ b 

in the following three cases: 

(1) there exists £ G A not divisible by any simple element and such that £b is pseudo- 
null; 

(2) 21 is pseudo-isomorphic to a twistable pseudo-controlled T-system; 

(3) 21 is part of a complete T-system enjoying property (T). 

If 21 is not pseudo-controlled, it seems quite unlikely that the functional equation (|15p 
holds at all. Indeed, as the modules a/a , b/b° come from a T-system (see §3.1.51 below), 
the theorem yields x( a / a °)" = x(6/b°)> so f° r (DSD to be true we need equality between 
x(o°) an d x(b )- But we see no reason to expect such an equality. 
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Remark 3.1.6. In the classical case of d = 1 (i.e., T ~ Z p ) the functional equation (|15p can 
be obtained as a consequence of results by Mazur and Wiles. More precisely, by [MW841 
Appendix] one obtains an equality of Fitting ideals 

Fitt A (b) = r\Fitt A (b^) = nFitt A (a„) = Fitt A (^) 

(apply loc. cit., Proposition 3 together with Property 10 on page 325). The Fitting ideal 
is always contained in the characteristic ideal and they are equal if the former is principal 
(see e.g. [BL09al Lemma 5.10]), so (fT5]) follows in many cases. 

For d > 2, Fitting ideals do not seem to yield a promising approach for a proof of (|15p . 
Some ideas for the case d = 2 can be found in [GK081 Appendix] (but note that the dual 
they study is not the Pontryagin dual and the need for a reduced R in their Theorem A. 3 
prevents us from mimicking the proof of their Theorem A. 8 in the case of our finite a n , b n ); 
however, [GK081 Remarks A. 9 and A. 10] suggest that there is no hope for d > 3. 

3.1.4. Derived systems. Suppose for each n we are given a T-submodule c n C a n such 
that t^(c m ) C c n and t^(c n ) C c m . Using these, we can obtain two derived T-systems 
from 21. Let f n C b n be the annihilator of c n , via the duality induced from ( , ) n , and 
let D n := b n /f n . Then we also have t^(f m ) C f n and tj^(fn) C f m . Hence induces a 
morphism c m x d m -> c n xO n , which, by abuse of notation, we also denote as r^. Similarly, 
we have the morphism 6^: c n x D n — > c m x d m and the pairing ( , ) n on c n x 0„. Let £ 
denote the T-system 

{c n ,9n, (, )n,C>C I m,nGN,n>m}. 
We also write e n := a n /c n and let G; denote the T-system 

{t n ,fn, { , }n,C>C I ra,n€N,n>m}. 
Then we have the sequences 

— > c — ► o — ► e — ► (16) 

and 

— >f^b — >d^0. (17) 

Here c, t), t and f are the obvious projective limits; the systems {c n } and {f n } satisfy the 
Mittag-Leffler condition (because all groups are finite), so (flEj) and (fT7|) are exact. 

Lemma 3.1.7. Assume a n = t n (a) for all n. Then e ~ implies f ~ 0. 

Proof. The assumption implies t n (e) = e n . Thus f-t = implies f-t n = 0, and consequently, 
by the duality, ■ f n = for all re, yielding /" • f = 0. Now apply Lemma 12.2.11 □ 

3.1.5. The system 21'. In the following case, we apply the above two methods together. We 
first get a system {a n /ct°, b\} by putting 

< X &n == (J Ker ( r n ) = Ker ( a " Xt "^ Hl ? a ™ X M (18) 

n'>n m 

and letting a*, b* be respectively the annihilators of b°, a°, via ( , ) n . Then we apply the 
^-construction to {a ra /a°, b\} defining a' n C a n /o° via 

a' n x b' n := lm{ai xb^ (a n /a°) x (b n /b°)) . 
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Notice that b' n is dual to a' n , as can be seen by dualizing the diagram 

> al > a n 



> a' n > a n /a n 

(recall that the duals of a„ and a n /a° are respectively b n /b n and b n ). 
Thus we get a T-system 

21' := {a' n ,b' n ,( , )n,C,C | m,nGN,n>?n}. 

Denote, for i = 0, 1, 

a 1 x b 4 := lima^ x b n , 

n 

and 

a' x b' := lima^ x b' n = In^a 1 x b 1 — >■ (a/a°) x (b/b )). 

n 

The pairings ( , ) n allow identifying each ct n x b n with its own Pontryagin dual and this 
identification is compatible with the maps t^, t^. Then a x b is the dual of lima n x b n . 

Consider the exact sequence 

► a° n x b° n > a n x b n ► (On x b„)/(o° x b°) > 0. (19) 

By construction, a* x b\ is the dual of (a n x b n )/(a n x b n ). The inductive limit of (fT9|) gets 
the identity 

lima n x b n = lim(a n x b n )/(a° x b°) 
(lima^ x b^ = is immediate from (|18|) ) and hence, taking duals, 

a 1 x b 1 = a x b. 

Thus we have an exact sequence 

— ► o° x b° — ► a x b — > a! x b' — ► 0. (20) 

3.1.6. Strongly- controlled T-systems. In the previous section we saw that, as b = b 1 and 
o = a 1 , the information carried by a and b° does not pass to b and a: this explains 
Definition 13.1.81 Here we consider a condition stronger than being pseudo-controlled. 

Definition 3.1.8. A T-system 21 is strongly controlled if a n x b n = for every n. 

Lemma 3.1.9. A T-system 21 is strongly controlled if and only if 't^ is injective (resp. 
is surjective) for n > m. 

Proof. The definition and the duality. □ 

Lemma 3.1.10. Suppose 21 is a T-system. Then the following holds: 

(1) the system 21' is strongly controlled; 

(2) i/2l is pseudo-controlled, then a ~ a' and b ~ b'. 

Proof. Statement (1) follows from the definition of 21' and (2) is immediate from the exact 
sequence (f20l) . □ 



Lemma 3.1.11. Let % be a pseudo-controlled T-system. Then the functional equations 
(|14p and (|15p ZioW /or 21 z/ and on/y i/ £/iey hold for 21' . 

Proof. Obvious by Lemma 13. 1 . lOf 2) . □ 
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Lemma 3.1.12. Suppose 2t is strongly controlled. Then £ ■ b = 0, for some £ E A, if and 
only if $ ■ a = 0. 

Proof. By Lemma [3.1.91 we have b n = t n (b). Thus £ • b = implies £ • b n = 0, and 
consequently, by the duality, • a n = for all n, yielding • a = 0. □ 

3.2. Two maps. For simplicity, in the following we shall use the notations Q n := Q p [r n ] 
and A n := Z p [T n ]. The projections 71"^ : r n — y r m are canonically extended to ring mor- 
phisms : A n —¥ A m . Let 

Qoo :=hmQ n = <Q> P [[T]] . 
Thanks to the inclusions A n Q n we can see A as a subring of Qoo- 

3.2.1. The Fourier map. Let 2t be a T-system as above. In this section, we construct a 
A-linear map 

Hom A (b,Q oc /A). 

First recall that the pairing in (r-4) induces for any n an isomorphism of A-modules Q 

al ~ Hom Zp (b n ,Qp/Z p ), 

the twist by the involution being due to ([5]). Equality ([TT]) shows that these isomorphisms 
form an isomorphism of projective systems, where the right hand side is endowed with the 
transition maps induced by the direct system (b n ,r^). Passing to the projective limit, we 
deduce a A-isomorphism 

a" ~ limHom Zp (b n ,Qp/Zp). 

n 

Now the map $ is obtained as the composed of this isomorphism and the following A-linear 
maps: 

(<3?-l) the homomorphism 

limHom Zp (b n ,Qp/Zp) — ► limHom A (b n , Q n / A re ) 

n n 

obtained by sending (f n ) n to (f n : x H> E 7 er n fn{l~ 1 x) r )) n ; 
($-2) the homomorphism 

l^m Hom A (b rt ,Q n / A n ) — > hni Hom A (b, Q n J A n ) 

induced by t n : b — > b n ; 
($-3) the canonical isomorphism 

lim Hom A (b,Q n / A n ) ~ Hom A (b, lim Q n / A n ) 

n n 

and the identification h\mQ n / A n = Qoo/ A (since the maps A n — >• A m are surjec- 
tive) . 

Here as transition maps in ^im Hom A (b n , Q n / A n ) we take (for n > m) 

Hom A (b n , Q n / A n ) — > Hom A (b m , Q m / A m ) 

^p- d(n - m) «o^O- (21) 
We have to check that ($-1) and ($-2) define maps of projective systems. For ($-1), this 
means to verify that for any n > m we have 

/ m =^ M Ko/n°C), (22) 



-'Here Homz (b n , Q p /Z p ) is a A-module via (7 • /) : x t-t f{"jx) for 7 6 T. 
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where, by definition, f m = f n o rj^. For x € b m , 

C(/»(O0) =<{ E /"(7" 1 (C^))7) = E /»(7 _1 OX(7) 

7er„ 7Gr ?l 
(using the fact that, by (r-2), is a r-morphism) 

= E /n(C(7-MX(7) = Tin E /n(C( 7 - 1 x)) 7 =/ {n - m) / m (x), 

so ()22p holds. As for ($-2), the transition map 

Hom A (b, Qnl A n ) — > Hom A (b, Q m / A m ) 
is -0 i — > 7r^ o ^ and the map defined in ($-2) is ((p n )n ^ (<£n ° £n)n • By (f2~T|) . 

„ £ m — d(n— m) ( _n „ ,„ _ „n \ „ h _— d(n— m) i ri _ , _ „ „n „ &n „ ft \ 

(by property (r-3) of T-systems) 

= V - d{n - m) ^ n m O ° N Wrm Otn) = < o^ n ot n 

(since <p n , being a A-morphism, commutes with N rn /p m and 7r,™ o Np n /r m = p d<Jl ~ m ^ ~n„\) ■ 
So also ($-2) is a map of projective systems. 

Remark 3.2.1. Actually, one can also check that the maps /„ >— > f n used in ($-1) are 
isomorphisms. The inverse is / h-> 5 e o f, where 5 e : Q n / A n — > Q p /Z p is the function 
sending ^ r a 7 7 to a e (e being the neutral element in T n ). 

If the T-system 21 is strongly controlled then the map <3> is clearly injective (since b 
surjects onto b n for all n). In general, we have the following. 

Lemma 3.2.2. The kernel of & equals (a°)K 

Proof. The image of a = (a n ) n 6 a in h^mHom A (b n , Qn/ A n ) is the map 

b = (b n ) n ( E (°™> l~ lh n)nl) n ■ 

7er n 

To conclude, observe that a n — )• Urn a m is dual to b — > b n . Hence (a n , b n ) n = 0, for every b n 
contained in the image of b — > b n , if and only if a n 6 a n . □ 

3.2.2. Let b be a finitely generated torsion A-module. In £ 13.2.51 below we shall construct 
a map 

Hom A (b,Q 00 /A) ^ Hom A (b, Q(A)/A), 

where Q(A) is the field of fractions of A. The interest of having such a ^ comes from the 
following lemma. 

Lemma 3.2.3. For b a finitely generated torsion A-module, we have a pseudo-isomorphism 

b ~Hom A (b,Q(A)/A). 

Proof. From the exact sequence 

— >[b] — > b — > n — > 0, 
where n is pseudo-null, we deduce the exact sequence 

Hom A (n, Q(A)/A) Hom A (b, Q(A)/ A) -»• Hom A ([b], Q(A)/ A) -> Ext A (tl, Q(A)/ A) . 



IV 

The annihilator of n also kills Hom A (n, ) and its derived functors, so by Lemma 12.2.11 it 
follows Hom A (b, Q(A)/A) ~ Hom A ([b], Q(A)/A), and we can assume that b = [b]. Write 

b = A/(£ 1 )©---©A/(£ n ). 

Then 

Hom A (b,Q(A)/A) = Hom A (A /(&), Q(A)/A) = Hom A (A/(&), C'A/A) 
because (Q(A)/ A)[&] = ^ A/ A . Since 

Hom A (A/(e i ),C 1 A/A) = A/(Ci), 
we conclude that in this situation, Hom A (b, Q(A)/A) = b . □ 

3.2.3. A theorem of Monsky. Let T v (resp. ) denote the group of continuous charac- 
ters T — > /i p00 (resp. T n — > /x p oo); we view as a subgroup of T v . For each u £ T v , 
let Eu := Q p (fj, p ,n) C Q p be the subfield generated by the image to(T) = fi p m, and write 
O w = 7ip[fi p m]. Then uj induces a continuous ring homomorphism uj: A — > O w C 

Let £ £ A: we say that a; is a zero of £, if and only if u>(£) = 0, and denote the zero set 

A 5 := {ueT v I w(f ) = 0}. 

Then we recall a theorem of Monsky ( |Mon8l| Lemma 1.5 and Theorem 2.6]). 

Definition 3.2.4. A subset 3 C T v is called a r L p -flat of codimension k, if there exists 
{7i,...,7fc} CT expandable to a Z p -basis ofT and £i, Ck £ 

fUipoo S that 

Z = {ujeT v | w(7i) = Ci,» = 1, ..-,*:}. 

This definition is due to Monsky: in |Mon8H §1], he proves that Z p -flats generate the closed 
sets of a certain (Noetherian) topology on T v . It turns out that in this topology the sets 
are closed, and they are proper subsets (possibly empty) if £ ^ ( |Mon8H Theorem 
2.6]). Hence 

Theorem 3.2.5 (Monsky). Suppose O is a discrete valuation ring finite over Z p and 
£ € 0[[r]] is non-zero. Then the zero set Ag is a proper subset ofT v and is a finite union 
of -flats. 

3.2.4. Structure ofQoo. The group Gal(Q p /Q p ) acts on T v by (a := a(u)(j)). Let [u] 
denote the Gal(Q p /Q p )-orbit of uj. Attached to any character u £ there is an idempotent 

e - := TFT w (7 _1 )7 G Q P [T n ] • (23) 

Accordingly, we get the decomposition 

Q P [r n ] = q p [r n f^/Q P ) = ( Yl ea ,Q p [r n ]) Gal ^ /Q ^ = J] ^ 

where [u] runs through all the Gal(Q p /Q p )-orbits of and 

E M ■= ( II e x Q p [T n ]f^^\ 

X6[oj] 

Observe that the homomorphism us: Q p [r n ] — > (Q> p induces an isomorphism E\ w \ — E^ (the 
inverse being given by 1 ^ J2aeGai(E u /Q p ) a ( e ") = ( e x)xeM)- 
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Since 7r^(e w ) equals e u i if uj = uj' o yr^ and is otherwise, we have the commutative 
diagram 

Q P [r n ] > llMcrv^M 



[T m ] >■ ]l[u)]crv ^ 

/ is the natural p 

follows that we have identities 



where the right vertical arrow is the natural projection by the inclusion rY,. It 



Q 00 =lamQ n ~ [] S M (24) 
n Hcr v 

so that 

Q 0O [A]= E [u] (25) 

McA x 

for all A G A (here Qoo [A] denotes the A-torsion subgroup). 

3.2.5. The map fy. Let b be a finitely generated torsion A-module: so is Hom A (b, Qoo/ A). 
We assume that £ • b = 0, for some non-zero £ € A. Let := T v — denote the 
complement of Ag. From (|24p and ()25[) one deduces the direct sum decomposition 

where Q^ = ri[cj]cA c ^H- Let w: Q°° ~~ ^ Qoo be the natural projection and put A c := 
zu (A) (here A is thought of as a subset of Qoo via the maps Z p [r n ] Q p [r n ]). 

Lemma 3.2.6. VFe have a A-isomorphism 

Hom A (b,Q 02 /A c ) ~Hom A (b,Q(A)/A). 

Proof. Since b is annihilated by £, the image of each 7/ G Hom A (b, Qoo/ A c ) is contained in 
(Qoo/ A c )[£] . Note that, since cj(£) 7^ for every uj G AS, the element vo(£) is a unit in QJ^. 
Denote 

r 1 A c :={xGQ^c 1 e-^GA c }. 



Then 
and hence 
Similarly, 



(Q c oc /A c )[e] = r 1 A c /A c 

Hom A (b, Q C J A c ) = Hom A (b, r 1 A c / A c ). 



Hom A (b, Q(A)/ A) = Hom A (b, £ _1 A / A). 

To conclude the proof, it suffices to show that w : A — > A c is an isomorphism, because then 
so is the induced map 

r 1 A/A-^^ 1 A c /A c . 

Since A c = w(A) by definition, we just need to check injectivity. Suppose tu(e) = for 
some e G A. Then uj(e) = for every uj g" A^, and hence w(£e) = for every uj G T v . 
Monsky's theorem (or, alternatively, the isomorphism (|24p ) implies that £e = and hence 
e = 0. □ 
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Let 

T: Hom A (b,Qoo/A)^ Hom A (b, Q C J A c ) (26) 
be the morphism induced from w. By composition of the isomorphism of Lemma [3.2.6l with 
T, we deduce the A- morphism 

¥: Hom A (b,Q 00 /A)^ Hom A (b, Q(A)/A). 
3.3. Proof of the algebraic functional equation. 

3.3.1. Non-simple annihilator. We start the proof of case (1) of Theorem 13 . 1 . 5 1 by reformu- 
lating our hypothesis 

(NS): £ is not divisible by any simple element. 

Lemma 3.3.1. Hypothesis (NS) holds if and only if contains no codimension one 
Wip-flat. 

Proof. If £ is divisible by a simple element / = / 7i £, then contains Aj which is a union 
of the codimension one Z p -flats 

{u G T v | = a(C)h o- G Gal(Q p (C)/Q P ). 

Conversely, assume that A^ contains the codimension one Zp-flat 

3 = {oj 6 r v I w( 7 ) = c}. 

Each w G S factors through 

vr: A— >Z p [C][[T]]/( 7 -C)=Z p [C][[r / ]] ) 

where V is the quotient r/ 7 Zp , and vice versa every continuous character of V can be 
uniquely lifted to a character in 3. Thus the zero set of 7r(£) € Z p [£][[r']] equals (r') v . 
Then Monsky's theorem implies that 7r(£) = and hence is divisible by 7 — £ in Z p [£][[r]]. 
This implies that £ is divisible by ^ in A. □ 

By Monsky's theorem, we have either A^ = or A^ = L)j Sj , with 
3 J = {o,er v | a;( 7 f >) = = 1, fcW}. 

(7) 

In the second case, for all j let Gj be the Z p -submodule of V generated by the 7 s, 
i = l,...,k^': if (NS) holds, each Gj has rank at least 2. Hence, since there is just a 
finite number of j, it is possible to choose {o~± , trij }j so that er^ £ Gj — T p and each pair 
(cf jCjv ^) consists of Z p -independent elements unless = (i',j')- Let ep denote the 
common value that all characters in 3j take on crp and write c/3j := fT^ / y) y). Then the 

coprimality criterion (|12p ensures that and ^2 are relatively prime. Moreover u){y>i) = 
for all uj € A f , that is Ag C A^. By (g5D it follows 

■ Qoo[i\ = for both i. (27) 

Remark 3.3.2. The case A^ 7^ can actually occur. For example, let 71, 72 be two distinct 
elements of a Z p -basis of T and consider 

£ = 71 - 1 +p(72 - 1) +P 2 (li ~ 1)( 7 2 - 1). 
Then Ag = {ui | a; (71) = £^(72) = 1} as one easily sees comparing p-adic valuations of the 
three summands a; (71 — 1), a;(p(72 — 1)) and uj{p 2 (^i — 1)(72 — 1)). 

Lemma 3.3.3. Assume £b = for some £ e A satisfying hypothesis (NS). Then the 
restriction of ^ to 3>(a") is pseudo-injective. 
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Proof. We just need to control the kernel of the map T of (|26p . If A^ is empty then T is 
the identity and we are done. If not, we show that kernel and cokernel of T are annihilated 
by both (pi and </?2- Consider the exact sequence 

0^ Ker(ro)^ Qoo/ A — > Q C J A c — ► 

(where by abuse of notation we denote the map induced by w with the same symbol) . This 
induces the exact sequence 

Hom A (b,Ker(ro)) ^ Hom A (b, Qoo/ A) ->• Hom A (b, Q^/ A c ) ->■ Ext A (b, Ker(ro)). 

Since Ker(ro) is a quotient of Qoo[£] ; d^Z]) yields (£>j • Ker(zu) = 0. Therefore both Ker(T) 
and Coker(T) are annihilated by cpi and (f2- (Note that we cannot say that T is a pseudo- 
isomorphism, because Hom A (b, Qoo/ A) is not a finitely generated A-module: e.g., any group 
homomorphism b i— )• for uj £ A^ is also a A-homomorphism.) □ 

Now we can complete the proof of Theorem 13.1.51 (1). 

Proof of Theorem 13.1751 (1) . To start with, assume £b = 0. Then, by Lemmata 13.2.21 
13.3.31 and I3.2.3| we get a pseudo- injection a" — >■ b. Moreover, thanks to Lemma 13.1.111 we 
may assume that 21 is strongly controlled. By Lemma 13.1.121 this implies that a is killed 
by which is also not divisible by simple elements. Exchanging the role of a and b, we 
deduce a pseudo- injection b" — > a and therefore a pseudo- injection b — > o". The Theorem 
now follows from Lemma 12.2.31 

In the general case when £b is pseudo- null but not 0, we can still assume that 21 is 
strongly controlled. Let f n be the kernel of the morphism b n , —¥ b n , b i-4 £6, and construct 
two derived systems as in M3.1.4I (but with f n playing the role of c n ). We get again the two 
exact sequences (|16p and (|17j) . By hypothesis d = £b ~ and then Lemma 13.1.71 implies 
c ~ 0. Hence 

b r^i ^ £^ 

(where the central pseudo-isomorphism holds because £f = 0). □ 

3.3.2. The non-simple part. For any finitely generated torsion A-module M, we get a de- 
composition in simple and non-simple part 

[M] = [M] si [M] ns . 

in the following way: recalling that [M] is a direct sum of components A /t? % A, we define 
[M] s i as the sum over those £j which are simple and [M] ns as its complement. 

Corollary 3.3.4. For any T-system 21, we have 

ML = 

Proof. By Lemma f3.1.10f l) we can lighten notation and assume that 21 is strongly controlled 
(replacing 21 by 21' if necessary). Write %(b) = (A/i), with x([b] ns ) = (A) and x([b] s i) = (/■*)■ 
Since b/[b] is pseudo- null, there are 771,7/2 € A, coprime to each other and both coprime to 
X(b), so that 771 • (b/[b]) = r/ 2 • (b/[b]) = . Then A^i • b = \(j,rj 2 • b = 0. By Lemma EOS] 

(A/iT/i)* • a = (A W2 ) B • a = 0. (28) 

This shows that x(<*) divides sufficiently high powers of both (A/j?7i)" and (A//772)". But 
since r/| and n^ are coprime, they must be both coprime to x( a )- 

Set c = (/iT/i)" • a, c n = i n (c) for each 71, and form the T-systems £, <£ by the construction 
in §3.1.41 Let t), e, and f be as in (fl"6j) and (fTT|) . Since t n (b) = b n , we have t n (d) = D n , and 
hence, by Lemma 13.1.91 £ is also strongly controlled. By (|28p . A" • c = 0, whence A • D = 
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thanks to Lemma 13.1.121 Then case (1) of Theorem 13.1.51 savs c" ~ d. To complete the 
proof it is sufficient to show that 

[b\ns X Wns >" X C 

(where (p and ip are respectively the restrictions to [b] ns and [a] ns of the projection b — > 
t> = b/f and of the multiplication by (/xr/i)" on a) is a pseudo-isomorphism. 

The inclusion firji ■ b C /i • [b] C [b] ns implies /ur/i • Coker((^) = 0. Furthermore, as 
A • Coker(c^) is a quotient of A • d = 0, it must be trivial. Thus, by Lemma l2.2,H Coker(<^), 
being annihilated by coprime A and fj,rji, is pseudo-null. Next, we observe that (/ir/i)" • e = 
(jU7?l)" • o/c = yields (/ir/i)" • e n = 0. The duality implies that each f n is annihilated by 
firji, and by taking the projective limit we see that f is also annihilated by \xr}\. It follows 
that Ker(v?) = [b] ns n f = as no nontrivial element of [b] ns is annihilated by firji (because 
r/i is coprime to x(b) while [i is a product of simple elements). Similarly, Ker(^) = as 
no nontrivial element of [a] ns is annihilated by (fi7]i)K To show that Coker(^) is pseudo- 
null, we choose an 773 € A, coprime to Ani, so that r/jj • a C [a]. Then (j28|) together with 
the fact that A is non-simple imply that (/i^i^)" • a C (/i^i)" • [a] C [a] ns . This implies 
(Wi%)" ' Coker(^) = 0. Since A" • Coker(-0), being a quotient of A" • c = 0, is trivial and A*, 
(Wi%)" are coprime, the proof is completed. □ 

3.3.3. Twists of T-systems. Recall that associated to a continuous group homomorphism 
(f> : T — > Z* , there is the ring isomorphism (f>* : A — >• A defined in §2.1.H Given such a <fi 
and a T-system 21, we can form 

%(<!>) -{Ontt-^MflA* )£t(0)m.*(0)m I G NU {0}, n > ra} , 

where a^c/)" 1 ) and b n (</>) are twists as defined in ©, 

(x ® a n ,y ® := (c/)*(x)a n , (cj)' 1 )* (y)b n ) n 

and r(0)^j, t(0)m are respectively the maps induced by l<8>t^ and, 1 In general 21(0) 

won't be a T-system, because the action of T on a n (0 _1 ), b n (<^>) does not factor through 
T n . However if we take 21 twistable of order k and <fi so that 

0(r)Cl+/Z p , (29) 

then both o n (^- 1 ) and b„(0) are still r n -modules, as cf)(T^) C 1 + p n+k Z p by ([2SD and 
p n + k a n = 0. 

Lemma 3.3.5. For any k E N and £ £ A— {0}, i/iere exists a continuous group homo- 
morphism eft: T — > Z* so that (|29p /10/ds and &o£/i </>*(£) ^d (<^ _1 )*(C) ar ^ not divisible by 
simple elements. 

Proof. First of all, note that (</> _1 )*(£) is not divisible by any simple element if and only if 
the same holds for (0 -1 )*(£)^ = <f>*($)- So we just need to find 4> such that has no 

simple factor. An abstract proof of the existence of such (f> can be obtained by the Baire 
category theorem, observing that if A € A— {0} then Hom(r,Zp) cannot be contained 
in U^Ker (0 (-»• lj(4>*(\))), since all these kernels have empty interior. A more concrete 
approach is the following. 

Call an element A G A a simploid if it has the form A = u ■ fy a where u € A x and 

hr-= II (7 

<TeGal(Q„(/3)/Q p ) 
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with 7 E r — T p and (3 a unit in some finite Galois extension of Q p . Simploids are easily 
seen to be irreducible, so by unique factorization any principal ideal (A) C A can be written 
as (A) = (A) s (A) n with no simploid dividing (A)„. Moreover, given any <p: V — > Z* , the 
equality 

shows that the set of simploids is stable under the action of 4>, so that (<j)*(\)) s = 0*((A) S ). 
Thus, if f™ p lt fjt.pi is a maximal set of coprime simploid factors of and if <fi is chosen 
so that no t/>(7j)/3j, i = 1, I, is a root of unit, then is not divisible by any simple 

element. □ 

Proof of Theorem 13.1.5( 2^. Let £ be a generator of x( a )x(b) and let <j> be as in Lemma 
13.3.51 Then 21(0) also form a pseudo-controlled r-system with a(cf)^ 1 ) = l^im ^ an{(j)~ l ) and 
b(4>) = lim^ b n {4>). By Lemma l2.3.1l both xW^" 1 )) and x(b(</>)) are not divisible by simple 
elements, and hence [a((/>~ 1 )] t) = [a(0 -1 )]L and [b ((/))] = [b((f>)] ns . Therefore, 

[a]« = [afo- 1 )]^)* = W 1 ))*^- 1 ) = HMr 1 ) = [*], 

where the first and the last equality are consequence of Lemma 12.3.11 and the third follows 
from Theorem 13.1.5( 1) applied to 21(0). □ 

3.3.4. Complete T-systems. Now we assume that our original 21 is just a part of a complete 
r-system which we still denote by 21. The original 21 is pseudo-controlled if and only if so is 
its complete system. Also, if the original 21 is strongly controlled, then by replacing ap x bp 
by t_p(a x b) we can make the complete system strongly controlled without altering a and 
b. So we shall assume that 21 is strongly controlled. 

First we assume that a is annihilated by a simple element £ = and extend 71 to a 
basis 71, 7d of Y over Z p . Let ^ and V be the subgroups of V with topological generators 
respectively 71 and {72, 7d}- Note that for H C T a closed subgroup we shall write 
jy(») for H p '\ Let K n ^ n denote the fixed field of the subgroup I'M © (r') (n,) and write 
doo,n := ^ m n ; a n',n, &oo,n := ^ m n ; &r»',n with the obvious meaning of indexes. They are 
A-modules. Let i^oo,n denote the subfield of L fixed by \f( n ). Then the restriction of Galois 
action gives rise to a natural isomorphism V ~ Gal^Kx, n /Ko n ). Write A' := A(r'). We 
shall view A' as a subring of A. 

Since 21 is strongly controlled, = Ct»,n(a) and b 

oo,n — too,n(fo) are finitely generated 
over A, and hence finitely generated over A', as they are fixed by $( n ). 

Proposition 3.3.6. Suppose 21 is a strongly controlled complete T-system such that 

(1) a and b are annihilated by the simple element £ = /<« £ defined above, with £ of 
order p l ; 

(2) aoo jfn and boo,m torsion over A' /or some m>l. 
Then there exists some non-trivial T] € A' so that rj -21 is twistable. 

Here r\ ■ 21 is the complete T-system as defined in Example 13.1.31 It is also strongly 
controlled if so is 21. 

Proof. Since £ is of order p l , the action of 7^ is trivial on both 0oo in and boo >n for all n. 
Assume that m > / and suppose both and boo im are annihilated by some non-zero 

■q £ A'. Then n ■ o n ' jjra = and n ■ b n ' tTn = for all n' . Hence for n > m, 

n—m n f ,n /*,n' ,n / \\ r, 



23 



as 7^ acts trivially on a n ^ n . In particular, p n - m rj ■ a n = and by similar argument 
p n ~ m rj ■ b n = 0. Then choose k so that p fc a, = p k b{ = for each 1 < % < m. □ 

Corollary 3.3.7. Suppose 21 satisfies the condition of Proposition Then 

o a ~ b. 

Proof. The morphism 21 — > r/ ■ 21 of Example 13.1.31 in this case is a pseudo-isomorphism, 
because a[rj\ and b/rftb are both killed by / 71i ^ and either 77 or 77". Now apply Theorem 
I5X5T 2). □ 

Proof of Theorem 13.1.5( 3). We may assume that 21 is strongly controlled. Suppose a is 

annihilated by £ £ A, and hence b is annihilated by Write £ = £^ £f fe , where each 

£i is irreducible and Sj is a positive integer. The proof is by induction on k. 

First assume k = 1. If £ is non-simple, then the theorem has been proved. Thus, we may 
assume that 6 is simple and we proceed by induction on s±. The case s± = 1 is Corollary 
13.3.71 If si > 1 let cf '■= £1 ■ <*F and form the derived systems £ and (£ as in £13.1.41 Note 
that both enjoy property (T), as immediate from the sequences (|16p and ()17p . Besides £ 
is strongly controlled and c is annihilated by , whence (as 6 is simple) [c] = [c]" = [D] 
by the induction hypothesis. We still have f° = 0, but we don't know if e° = 0. However, 
induction tells us that [e/e°] = [f], or equivalently, there is an injection [f] [e]. This 
actually implies an inclusion [b] ^ [a]: to see it, write 

[a] = (A /a A) ai © (A A)° 2 © • • • © (A /6* 1 A)°'i , 

and 

[b] = (A /6 A) bl © (A /£ x 2 A) te © • • • © (A/ef A) bs i . 

Then 

[c] = (A/6 A) a2 © • • • © (A/Cl 1 ' 1 A T S1 > 

and 

[0] = (A/6 A) fe2 © • • • © (A/^ 1 " 1 A) 6 *i , 

while 

[e] = (A/6 A) ai+a2+ - +a *i , [f] = (A/6 A) bl+b2+ - +b °i . 

Thus, we have a± > b\ and etj = 6j for 1 < i < s±. Then by symmetry, we also have 
[a] [b], whence [a] = [b] as desired. This proves the k = 1 case. 

For k > 1, form again £ and (£, this time setting cjr := ^of. Then induction yields 
[c]f = [Z>] and [e]" = [f]. To conclude, use the decompositions [a] = [c] © [e], [b] = [U] © [f] 
which hold because in the sequences (|16p . (|17|) the extremes have coprime annihilators. □ 

4. The pairings 

In this section, A and B denote abelian varieties over the global field K. 

4.0.5. The Selmer groups. Let i: A p n <—> A be the group scheme of p n -torsion of A. The 
p n -Selmer group Sel p n(A/K) is defined to be the kernel of the composition 

Kl(K,A p n) Ri(K,A) ® v Kl(K v ,A), (30) 

where H* denotes the flat cohomology and Iock is the localization map to the direct sum 
of local cohomology groups over all places of K. The same definition works over any finite 
extension F/K. Taking the direct limit as n — > 00, we get 

Se\p°o(A/F) :=Ker(Hj(.F,V)— ► 0Hi(F„,i)) (31) 

all v 
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where A p °o is the p-divisible group associated with A. The Selmer group Sel p cx> (A/L) is 
then defined by taking the inductive limit over all finite sub extensions. The Galois group 
r acts on Sel p °o(A/ L) turning it into a A-module. 
The Selmer group sits in an exact sequence 

— ► Q p /Z p ® % A{F) — ► $elp°o(A/F) — ► U1(A/F)[p°°} — > 0, (32) 

where 

m(A/F) :=Ker(Hi(F,A)^ QB^{F V ,A)) 

V 

is the Tate-Shafarevich group for A/F. 

4.1. The height pairing. Let A 1 denote the dual abelian variety of A. Then we have the 
Neron-Tate height pairing 

h A/K : A(K) x A*(K) — > R . (33) 
We briefly recall the definition of h^/K'- f° r details, see [Lan83[ V, §4]. Let 

P A — ► A x A 1 

denote the Poincare line bundle: then h^/K 1S the canonical height on A x A 1 associated 
with the divisor class corresponding to Pa- 

Proposition 4.1.1. Let cfi: A — > B and (j> : B — > A 1 be an isogeny and its dual. Then the 
following diagram is commutative: 

h A/K - A(K) xA\K) ► R 



h B/K : B(K) x B\K) > R. 

Proof. By definition of the Neron-Tate pairing and functorial properties of the height 
( |Lan83l Proposition V.3.3]), hAixi'i </>*(')) anc ^ ') are the canonical heights on 

A x Bi associated with the divisor classes corresponding respectively to (1 x ^")*{Pa) and 
(4> x 1)*(Pb)- But the theorem in |Mum74t §13] implies 

(lx^^^xTO (34) 
(see |Mum741 p. 130]). □ 
4.1.1. The p-adic height pairing. We extend (j33|) to a pairing of Z p -modules. 
Lemma 4.1.2. For every finite extension F/K there exists a p-adic height pairing 

h A/F : (Zp ® A(F)) x (Z p ® A*(F)) — > F F , (35) 

where Ep is a finite extension of Q p , wii/i i/ie /e/£ and rig/ii kernels equal to the torsion 
parts of Zp ® A(F) and Z p ® A* (F) . 7/ char(K) — p one can choose Ep — Q p . 

Proof. If char(K) = p, then after scaling by a factor log(p), the pairing Kaif takes values 
in Q (see for example |Sch82( §3]): in this case we define Ha/f by Ha/f = ~^°s(p)hA/F 
and extend it to get ()35|) . In general, the image of the Neron-Tate height Ha/f generates 
a subfield E' F C R. By the Mordell-Weil Theorem, E' F is finitely generated over Q, and 
hence can be embedded into a finite extension F F of Q p . Then we have the pairing 

: A(F) x A*(F)— > E f F C E F , 
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which is obviously continuous on the p-adic topology, and thus can be extended to a pairing 
h A j F as required. Since the left and right kernels of h A /p are the torsion parts of A(F) 
and A t (F), if x±, ...,x r and y±, ...,2/ r are respectively Z-basis of the free parts of A(F) and 
A t (F), then 

Ae\,ij(h A / F {xi,yj)) = det itj (h A/F (x i ,y j )) ^ 0, 
which actually means that h A /p is non-degenerate on the free part of its domain. □ 

4.2. The Weil-Barsotti formula. Let W denote the canonical bi-extension of A x A 1 
obtained by removing the zero section of P A (see [SGA7H IX, §1], or [Mum68, p. 311]). 
For each a G A (resp. a' € A 1 ), let aW A (resp. W A ) denote the part of W A sitting over 
{a} x A 1 (resp. A x {a'}). Then we have exact sequences 

G m ^ a W A ^ {a} xi ! ~ A\ 

and 

^ G m W A — ^ A x {a'} ~ A. 

Thus, the assig nment a' ^ "0 — > G m — > W£ — ► A" gives rise to the isomorphism (the 
Weil-Barsotti formula) 

A 1 ~ £xt l K (A, G m ) (36) 

of sheaves over the flat topology of K (it might be useful to recall that the functors £xt l 
can be interpreted as Yoneda extensions: |Mil80 , III, 1.6(b)]). Associated with an isogeny 
4> G Hom(A,-B) there is the "pull-back" <p* : £xt^(5,G m ) £xt^(A,G m ) induced from 
the Yoneda pairing: 

£xtk(.B,G m ) x Hom(yl,S) — ► fxt^(^,G m ). 
The isomorphism (|34p implies the commutative diagram 

5* — 5x^(5, G m ) 

J** (37) 

A* — ^ fxt^^.Gm) . 

When K is a number field, let C denote the spectrum of the ring of integers of K, and 
when K is a function field with constant field F, let C denote the unique connected smooth 
complete curve over F having K as its function field. 

Let U = Spec R, where R is a Dedekind domain in K, be an open set of C so that A has 
good reduction at every place of U, and let A and A 1 denote the Neron model of A and A 1 
over U. Then W extends uniquely to a bi-extension W of A x A* by G m and we have the 
generalized Weil-Barsotti formula for sheaves on the smooth site of U (see [SGA7H VIII, 
7.1b], jOrt66l 111.18] or |Mil86al III.C.12]): 

A t -^fxt^AGm)- (38) 

The isogenies (j> and cp 1 extend uniquely to (j>: A — > B and 0* : & — > A t ( |BLR90l §1.2]) 
and the Yoneda pairing induces the pull-back 

</>*: £x4(i?,G m ) — ►£xt£KAG m ). 
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Lemma 4.2.1. We have the commutative diagram: 

B l £xtlr(B, 



(39) 



A 



-> £xt^(.A, 



Proof. The lemma is local: by [Mil80| Proposition 1.3.24(b)] it is enough to show the 
commutative diagram 

B\V) — ^ ExtV(B,G m ) 



.4*(V) 



Ext^(.A, G r 



for the case where V = Spec S and S is etale over the polynomial ring Rq[X\, X n ] for some 
n and some localization Rq of R. Moreover, by [Mil80, Proposition 1.3.19] we can assume 
that 5 is a localization of Rq[X±, ...,X n ,T]/(P), P an irreducible polynomial. Without 
loss of generality Rq can be taken a unique factorization domain: then so is Rq[Xi, ...,X n ] 
and it follows that S is an integral domain. Let M be the field of fractions of S: then 
A\V) = A t (M), B\V) = B t (M) r |BLR90l §1.2]) and the diagrams 

A\V) Exty(A, G m ) 



(40) 



and 



-> Ext^ 7 (A,G r 
->• Ext^(£,G n 



A t (M) - 
B\V) - 

B\M) — Ext^(S,G x 
are commutative. The lemma follows by applying (|37p . 



(41) 



□ 



4.3. The Cassels-Tate pairing. The main reference of this section is [Mil86a, II. 2 and 
II.5]. 

Let 

( , ) A/K : UI(A/K) x m(A/K) — > Q/Z 

denote the Cassels-Tate pairing. (We shall recall its construction below.) 

Let A, B be abelian varieties defined over the global field K and let A*, B 1 be the dual 
abelian varieties. Suppose 4> ■ A — > B is an isogeny and : B l — > A 1 is its dual. 

Proposition 4.3.1. We have the commutative diagram: 

( , ) A/K : U1(A/K) x m(A*/K) ► Q/Z 



(, ) B/ir : HI(B/*0 x miB'/K) 



This result must be well-known. It has been used before (see the proof of |Mil86al I, 
Theorem 7.3]); in the case of elliptic curves over number fields, it is |Cas651 Theorem 1.2]. 
We will provide a proof below. 
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Let U be as in Subsection 14.21 and let us be in the etale site of U. For a sheaf J-, let 
H£(£7, F) denote the rth cohomology with compact support. 

Since Homu(A t , G m ) = 0, the local-global spectral sequence for Exts (see |Mil80l Theo- 
rem III. 1.22]) gives rise to a map H^ t ([7, A 1 ) — > Ext^(^4, G m ). Thus, associated with each 
element £ € H| t (C/, A*) there is an exact sequence 







D f 



A 



which divides into two exact sequences: 

— > Im(ag) 

and 



A 



Dt 



Im(a^) 





■ 0. 



— > G m 
These induce two boundary maps: 

% i: Rl(U,A)^R 2 c (U,lm( ai :)) 

and 

% 2 : H c 2 (C/,Im(a c )) — > H;!(tf,G m ). 

Composing these with the isomorphism H^(?7, G m ) — Q/Z (see |Mil86al II. 2. 6]), we get the 
map 

F c :Kl(U,A) — >Q/Z. 

Then we define the pairing 

(, )^ /c/ :Hj(f/,^)xHj t (f/,^) — ► Q/Z 

Define 

D 1 ^) :=lm(R 1 c (U,A)^}i 1 ct (U,A))=KeT(B 1 ct (U,A)-^ nH 1 ^,^)). 

Then we have (see |Mil86al II.5.5]) 

D\U, A) = UI(A/K), D X (U, A 1 ) = m.(A*/K) 
and the pairing ( , )j^m induces (see |Mil86al II. 5. 3, II. 5. 6]) the Cassels-Tate pairing 

UI(A/K) x m{A t /K) — ► Q/Z. 
Proof of Proposition I4.3.1L We show that the diagram 

(, ) A/u :R 1 c (U,A)xR 1 6t (U,A t ) > Q/Z 



) B/U : R 1 c (U,B)xRl t (U,B t 



commutes. Suppose £ G H 6t (U, S*) and it is associated with the exact sequence 

— > G m — > Et. — > B — > 0. 

From Lemma 14.2.11 we get the diagram 

H| t (C/,B*) ► Ext^(B,G m ) 



(42) 



Hl t (C/,^) 



4 Ext^(A 
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Hence is associated with the pull back of (jl2|) . i.e. the exact sequence which is the 

composition of the top row of the commutative diagram 

> Im(/%) > E£ x B A ► A ► 



(43) 



Im(/3 C ) 



-> B 



-> 



with 







+ Im(^) 



-»• 0. 



Let 0* : H£(17, .4) -)• H^C/, 6) be the map induced from <f>. Taking the cohomology of (03 
we have 



Rl(U,A) 



Rl(U,B) 



d 



> H^(L/,Im(r/3 c )) 



> H^,Im(/%)) 



and thus 



□ 



The kernels of the Cassels-Tate pairing are the divisible subgroups of III (A/if) and 
m(A t /K): see |Mil86al II, Theorem 5.6(a) and III, Corollary 9.5]. 

5. The algebraic functional equation for abelian varieties 

In this section, we apply Theorem 13.1.51 to Selmer groups. 

5.1. Selmer groups over Z^-extensions. Let A be an abelian variety defined over our 
global field K. We take the extension L/K as established in Section [21 with layers K n and 
r = G&1(L/K). Recall our hypothesis that L/K is unramified outside a finite set of places 
S. We also assume that A has potentially ordinary reduction at every place in S: then 
X p (A/L), the Pontryagin dual of Sel p °o(^4/L), is finitely generated over A (if the reduction 
is ordinary at all places in S this is [TanlOl Theorem 5] ; for passing from potentially ordinary 
to ordinary, one can reason similarly to |OT091 Lemma 2.1]). 

5.1.1. The divisible limit. For each n, let SeLj°o [A/ K n ) d i v denote the p-divisible part of 
Selp°°(A/K n ) and let Y p {A/K n ) be its Pontryagin dual. Also, let Y p (A/L) denote the 
projective limit of {Y p (A/ K n )} n , so that 

Y P (A/L) = Sel div (A/L) v , 

where 

Se\ div (A/L) := lh^Sel p ^ (A/ K n ) div . 

n 

Theorem 5.1.1 (Tan). Suppose X P {A/L) is a torsion A-module. Then there exist relatively 
prime simple elements fx, f m (m > 1) so that 

fx---f m -Sel div (A/L) = 0. 



This theorem was originally proved in a first draft of |Tanl2j as a consequence of a careful 
study of the growth of Selmer groups. But it really is just a special case of the following. 
(For a more detailed statement in the Selmer group case, see |Tanl2l Theorem 5].) 
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Theorem 5.1.2. Let M be a cofinitely generated torsion A-module. Then there exist rela- 
tively prime simple elements f±, f m (m > 1) so that 

h---fm-(M G ^) div = 

for any finite intermediate extension K C F C L. 

Proof. By hypothesis, there is some £ S A— {0} annihilating M. Let / € A be such that 
u}(f) = for all uj 6 A^ . Fix a finite intermediate extensions F/K and, to lighten notation, 
put G := Gal(F/K) and O the ring of integers of Q(/x p d), where p d is the exponent of G. 
Also, let N :=0 ® Zp M G '^ L / F \ Then defining, as in ([25]), <, := £ ffeG for each 

u) € G v , one finds \G\ • N = ^ e^A^" and A acts on e' u N by A • n = uj{X)n. In particular, one 
has / • e'^N = for all oj € A^. On the other hand, if oj ^ Ag then e'^N is finite because 
it is a cofinitely generated module over the finite ring o;(A)/(o;(^)). It follows that / • N is 
finite. Since a finite divisible group must be trivial, this proves that / • N d i V = 0, and hence 

/ . (M Gal(L/F) W = _ 

It remains to prove that one can find a product of distinct simple elements which is killed 
by A|. This is a consequence of Monsky's theorem: one has A^ = UTj where the Tj's are 
Zp-flats, and by definition for each Tj there is at least one simple element vanishing on 
it. □ 

5.2. The Cassels-Tate T-system. Define 

b n := Sel p ~ (A/K n )/ Sel p ^ {A/K n ) div (44) 

and let a n denote its Pontryagin dual. In fact, we can make these more explicit. First, if 
IIIpoo (A/K n ) denotes the p-primary part of the Tate-Shafarevich group and IIIpoo (A/K n )fH V 
is its p-divisible part, then 

b n = IIV (A/K n )/m pao (A/K n ) dlv . (45) 
Also, if A t /K denotes the dual abelian variety of A, then we can identify 

a n = UI^iA'/K^/UI^iA'/Kn)^ , (46) 

thanks to the duality via the perfect pairing 

(, ) n : On x b n ^Q p /Z p (47) 

induced from the Cassels-Tate pairing on UI(A t / K n ) x HI(A/K n ). 

Let and be the morphisms induced respectively from the restriction 

and the co-restriction 

H 1 ^, A* x A) — >■ M l {K m ,A l x A). 

Then the collection 21 := {a n , b n , ( , } n , rj^, t 1 ^} satisfies axioms (r-l)-(r-4). As in Section 
[3j write a and b for the projective limits of {o n } n and {b n } n . We have the exact sequence 

O^o — > X P (A/L) — >Y P (A/L) — >0. (48) 

In particular, if X p (A/L) is a finitely generated torsion A-module, then so are a and, by 
the following lemma, b. 

Lemma 5.2.1. The A-module X p (A t /L) is torsion if and only if so is X p (A/L). 

Proof. Any isogeny ip: A — > A 1 defined over K gives rise to a homomorphism of A- modules 
X p (A t /L) — > X p (A/L) with kernel and co-kernel annihilated by deg(tp). □ 
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5.2.1. The module a 00 . To study we first consider the small piece which is the image 
of 

s°° := Kex(Se\ p oo (A^Kn) — ► SeLp«> (A* / L)) 
under the projection Sei p ^(A t /K n ) -» a n . Obviously, is a r n -submodule of 

5 ° n :=Ker(H},(iif n ,4 c)— )• H},(L, A^)) = H 1 ^"), (L)) . 
Lemma 5.2.2. All the groups H 1 (r( n ),^(L)) are finite. 

Proof. We just prove the d = 1 case, since it is the only one we are going to actually use. 
For the general case, see |Gr03( Proposition 3.3]. 
Write 

D:=A t pa o(L) = A t (L)\p°°) (49) 
and let D div be its p-divisible part. We have an exact sequence 

(D/D div ) r(n) — > H^W,^) — ► B\T^,D) — ► H^rW,!)/^) . (50) 

If d = 1 and T = 7 Zp , then we observe that 

(7 P " - l)Z>di„ = -Ddw, 

since Ker(Z) 7 -4" D) = D r<n) is finite. Therefore, H 1 ^"), D div ) = and hence, as D/D div 
is finite, from the exact sequence ([50]) we deduce (see e.g. |BL09a[ Lemma 4.1]) 

iH^r^ L>)| < \D/D d „,\. (51) 

□ 



a 00 :=lima°° 



Lemma 5.2.3. The projective limit 
is pseudo-null. 

Proof. If d = 1, a 00 is pseudo-null as it is a finite set: inequality (|5ip together with the 
surjection — » gives a bound on its cardinality. 

Let D be as in (|49p and let r the Z p -rank of its Pontryagin dual D w . Then the action of 
r gives rise to a representation 

p : Aut(D div ) ~ GL(r, Z p ) . (52) 

For each 7, let / 7 (x) be the characteristic polynomial of p{"j). Then f^(j) is an element in 
A which annihilates D d i v . Let mo be large enough so that A t (K mo )\p°°] generates D/D d i v . 
Then for every 7, (7^ — l)/ 7 (7) annihilates both and for n > too, as we have 

( 7 pm °- l)/ 7 ( 7 ) •£> = (>. 

If (f > 2 and T = ®f =1 7f p , then each 5i := (7? ° — l)/ 7i (7i) lives in a different Z p [Ti] 
under the identification A = Z P [[T\, T d ]], 7 j — 1 = Tj. Therefore <5i,...,<5d are relatively 
prime and a 00 is pseudo-null by Lemma 12.2.1 1 □ 

Remark 5.2.4. Lemmas 15.2.21 and 15.2.31 become trivial if A p oc[L) is finite. Actually, it 
happens pretty often that A p oo has only finitely many points in abelian or p-adic extensions, 
and even in the separable closure of K if the latter is a characteristic p function field: for 
example, this is always the case with non-isotrivial elliptic curves (see [BLV091 Theorem 
4.2] for a proof). In the number field case, the paper |Zar87j provides a thorough discussion 
of the torsion of A(F) for F/K abelian, while results for G&l(F/K) a p-adic Lie group can 
be found in |Gr03l Proposition 3.2]; in the function field setting, a sufficient condition for 
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general abelian varieties can be found in |Vol95] Section 4]. On the other hand, there are 
obvious counterexamples to the finiteness of A p °o(L) when A/K is CM or isotrivial. See 
also [Tanl2l Proposition 2.3.8] for necessary conditions to have an infinite A p °o(L). 

Put o° := a°/a^°. Applying the snake lemma to the diagram 

► Selp^iAyKn)^ ► Sdp»(AV-Kn) > a n > 



> SeW^'/L) > Selpo ( J 4 i /L) ► Urn On > 

we find an injection 

o° ^ SeW(#/L)/ Selpcc (A l /K n ) div . (53) 
By construction we have an exact sequence 

0^o 00 ^a°^o :=hmo° — ► 0. (54) 

n 

5.2.2. The functional equation. Suppose M is a finitely generated torsion A-module and 
[MHe^A/g'A. Define 

[M] p := AfAc[M], 

(&)=(p) 

[M] np := A / £p A c [M] , 

(fc)*(p) 

so that [M] = [M] p [M] np . Then 

[H= © A /(4 S rA= A/^A=[M] P . (55) 
tti)=(p) «<)=&>) 
Recall the sub modules [M] S j and [M] ns defined in §3.3.21 By (|13p we have 

[M]li = [M]si. (56) 
With this notation, Theorem 15.1.11 implies the following. 

Corollary 5.2.5. Suppose X P (A/L) is torsion over A. Then the following holds: 

(a) [Y p (A/L)\ = [Y p (A/L)] sl . 

(b) [X p (A/L)] ns = [a] ns . 

(c) [a'] ns = [a] 



Ins • 



Proof. The equality at point (a) follows directly from Theorem 15.1.11 and . together with the 
exact sequence ([15]) . it implies (b). Lemma T5.2.3I and the sequence ([54"]) yield o° ~ a ; by 
([53]) and Theorem 15.1.11 (applied to A 1 ) we have [a°] ns = 0, thus [a°] ns = and (c) follows 
by exact sequence ([20]) . □ 



Now we can prove Theorem 11.21 

Proof of Theorem 11.21 We just need to check ([3]) when X p (A/L) is A-torsion. Corollar- 
ies 15.2.51 and 13.3.41 imply 

[X P (A/L))l = [at, = [ats = [&V = Mns = [X P (A^/ L )] ns (57) 

(where the last passage comes from the fact that Corollary 15.2.51 holds as well replacing A, 
a with A*, b). By ([56]) we see that 

[X P (A/L)U = [X P {A/L)t. 
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The proof of Lemma 15.2.11 shows that any isogeny A — > A t gives rise to an isomorphism 

Q P X P (A/L) ^ QpXpiA'/L), (58) 
and hence [X^A* / L)]* = [X p (A/L)] sl = [X p {A/L)f si . Therefore, 

X p {A l /L) ~ X P (A/L)K 

This together with (j58[) implies 

[X P (A/L)l p = [X p (AyL)] np = [X p (A/L)] np . 
By dS5D, [X P (A/L)]l = [X p (A/L)] p . Therefore, 

X 9 (A/Lf ~ X P (A/L). 

□ 

5.2.3. The following proposition shows that the Cassels-Tate system {a n , b n } can be a 
T-system also when X P (A/L) is not a torsion A- module. Note that it also implies that 21 
enjoys property (T) (just replace L/K with an arbitrary Zp _1 -subextension L' /F). 

Proposition 5.2.6. If L/K only ramifies at good ordinary places, then a and b are torsion 
over A. 

Proof. Recall that Q(A) denotes the fraction field of A. Suppose o were non-torsion. Let 
r and s denote respectively the dimensions over Q(A) of the vector spaces Q(A)a and 
Q(A)X p {A/ L): by (flHj) . the former is contained in the latter. Let e±, e r , e s € X p (A/ L) 
form a basis of Q{A)X p {A/ L) such that ei, ...,e r are in a. 

Write a' = A-ei+- ■ -+A-e r C a and X' = A-ei+- • -+A-e s CX P (A/L). Then X P (A/L)/X' 
is torsion over A, and hence is annihilated by some nonzero r\ G A. Let u) € T v be a character 
not contained in A r/ and, as usual, extend it to a ring homomorphism uj : A —» O u whose 
kernel we denote by /C. Then we have the exact sequences 

ToT A (A/JC,X p (A/L)/a') ► (A//C) <8> A a' — ^ (A/£) ® A X p (A/L) (59) 

and 

► X'/o' ► X p (A/L)/a! > X P (A/L)/X' > 0. 

The fact that X' /a! is free over A implies that the natural map 

Tor a (A //C, X p (A/L)/af) — > Tor A (A //C, X P (A/L)/X') 

is an injection. Since the residue class of 77 in A //C ~ 0^, a discrete valuation ring, is 
nonzero, the O^-module Tor A (A /X, X p (A/L)/X') must be finite, and the same holds for 
Tor A (A /K., X p (A/L)/a'). Thus the homomorphism in (foTJj) must be injective, because 
(A//C) ®a a' is a free O^-module, and hence its image is free of positive rank over O w . 
Let PcT denote the kernel of the character ui and write := T/r w , A w := Z p [T w ], 
K u := L r "\ Then we have the commutative diagram: 

0' >■ A w ® A o' > (A/X:)(8>ao' 



>■ A w <g> A a > (A//C) (8> a a 



X p (A/L) > A^^XpiA/L) > (A/K)® A Xp(A/L). 



:« 



The diagram together with the duality implies that the image of the composition 

(aSelpoo^/L))^ 1 ) (O^Sel^iA/L))^^ O w (\^m p ~{A/F)/m p °o{A/F) div ) 

has positive Z p -corank. By the assumption of the proposition, we are allowed to apply the 
control theorem [Tan 101 Theorem 4], which states that the restriction map 



res^: Selpoo (A/K u 



Sel p oo(A/L) 1 



has finite kernel and cokernel. Consequently, the image of 



Sel p °°(A/K u 



m^iA/K^/m^A/Ru) 



die 



must have positive Z p -corank. But this is absurd, as the target of the map is finite. 
The proof for b just replaces A with A*. 



□ 



Remark 5.2.7. Proposition 15 . 2 . 61 actually holds under the weaker hypothesis that L/K is 
ramified only at ordinary places. The proof first follows the same argument. Then, instead 
of using the control theorem, it applies Lemma 5.3.2 and Lemma 5.3.3 of [Tanl2j as well as 
the argument in their proofs to show that as long as co is chosen to have nontrivial restric- 
tion on the decomposition subgroups at the ramified multiplicative places then the map 
re SuJ : {O w Sel p00 (A/K u ))( u ~^ -> (O u Sel p ^(A/L))^^ will have finite kernel and cokernel. 

5.2.4. It is natural to ask if 21 is pseudo-contr oiled: we tend to believe that this actually 
holds as long as X p (A/L) is torsion. Propositions 15.2.101 and [5.2.111 below give evidence to 
support our belief. 



Lemma 5.2.8. For n > m the restriction map 

Sel p °c(A/K m ) div — ► (Sel p °o(A/K, 
is surjective. 

Proof. The commutative diagram of exact sequences 

Sel p °°(A/K m )div = Sel p ^(A/K m ) div c ^ Sel. 



r< m ) \ 

n I } div 



,{A/K n 



{Sel p ^(A/K n ) r(m) ) div c ($el p oo(A/K n ) div 
induces the exact sequence 

Ker(C) — > Coker(j) — > Coker(i). 

Since Ker(rJ^) is finite while Coker(j') is p-divisible, it is sufficient to show that Coker(i) is 
annihilated by some positive integer. Consider the commutative diagram of exact sequences 



Se\p~(A/K n ) 



p(m) 



Sel p °o(A/K m )<- 



Hg(-ftT m , Apoo 



loc„ 



EU v K\K mv , A) 



Sel p ~(A/K n ) 



r( m ) ( 



- Al\(K n ,A p °o) r( ) — ^\\ aaw B l {K nw ,A) r 



(»,) 



that induces the exact sequence 

Ker ( lm(loc m ) — lm(loc n ) ) — > Coker(i) — > Coker(res^) . 
By the Hochschild-Serre spectral sequence, the right-hand term Coker(res^) is a subgroup 



of H (K n /K m , Apoa (K n )), and hence is annihilated by p' 



(n—m) 



[K n : K m ]. Similarly, 
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the left-hand term, being a subgroup of Y\ v tl (K nv /K mv ,A(K nv )), is also annihilated by 
[K n :K m \. □ 

Lemma 5.2.9. IfL/K is a TLp- extension and Xp(A/ L) is a torsion A-module, then there 
exists some N so that 

Selp^(A/K n ) div = (Sel p o (A/K n ) div ) rl ' m) = (Sel p =o (A/ K n ) rm ) div 

holds for all n > m > N. 

Proof. The second equality is an easy consequence of the first one. The assumption T = 7 Zp 
implies that if / € A is simple then / divides 7 P — 1 for some m. Therefore, by Theorem 
15.1.11 there exists an integer N such that {j pN — 1) Seldi v (A/ L) 1 *^ = for every n. By 
Lemma [5.2.2l the kernel of the map Sel p °o (A/K n ) d i v — > Sel d i v (A/L) r ^ n) is finite. This implies 
that (7 pJV — 1) Sel p °o(A/ K n )div must be trivial, as it is both finite and p-divisible. □ 

Proposition 5.2.10. IfL/K is a *Eip- extension and Xp^AJIA is a torsion K-module, then 
21 is pseudo- controlled. 

Proof. We apply Lemmata 15.2.81 and 15.2.91 If we are given an element x 6 Sel p o ( J 4 t /ET n ) 
with res l n (x) € Sel p oo (A 1 /Ki) div for some I > n > N , then we can find y € Sel p oo (A 1 / K^)^ 
such that res l N (y) = res l n (x). Then x — res^(y) G Ker(res^) C s°°. This actually shows 
that a° = a°°. Then apply Lemma I5T231 □ 

Proposition 5.2.11. If L/K is a TA-extension ramified only at good ordinary places and 
X p (A/L) is a torsion A-module, then 21 is pseudo-controlled. 

Proof. Let /i, f m be those simple element described in Theorem 15.1.11 and write gi := 
f^ 1 fi ■ ■ ■ fm- Since fi divides 7? * — 1, for some 7$ and n, by Theorem 15 . 1 . 1 1 we get 

gi ■ SeUUA'/L) c Selpoo (A*/!,)*™ , (60) 

where f j C T is the closed subgroup topologically generated by 7, and we use the notation 
jjw ■— HP r% f or an y subgroup H < r. In view of Proposition 15.2.101 we may assume that 
d>2. Then we can find Si, 6 d as in the proof of Lemma [5.2.31 and such that the elements 
5j9i, i = l, m, j = 1, ...,d, are coprime. By construction each <5j annihilates s° for all n. 
We are going to show that if a — (<2n)m a n G ci^, is an element in oP , then for n ^ 7*j, 

Sjgi ■ a n = 0, j = 1, ...,d. (61) 

Then it follows that 5jgi • a = for every i and j, and hence a is pseudo-null. 

Fix n > ri. Choose closed subgroups <&j C T, % = l,...,m, isomorphic to Z^ -1 so that 

r = and then set = L** ' and let denote the Ith layer of the Z p -extension 

L^/K n , so that Gal(L^ /L^) is canonically isomorphic to ■ 
For each I > n, let ^ be a pre-image of a; under 



and denote by the image of £/ under the corestriction map Sel p °o (A 1 /Ki) — > Sel p °o (A t /Lf]_ n ) 
Note that K\ is an extension of as T; C = Gal(L/L[_ ). Thus, the restriction 

map sends £,[ to an element 61 G Sel^ v (A*/L)*i . Then by ([60]) 

#•0, eSeU^/L) 1 * . (62) 
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By the control theorem [TanlOl Theorem 4] the cokernel of the restriction map 

SeV»(^7*n)«K« — SeW(AVL) r(n) 

is finite: we denote by p e its order. Choose I > n + e and choose £ n to be the image of 
£i under the corestriction map Sel p oo(A t /Ki) -> Sel p o (A t /K n ). Then (J62D implies that 
9i ■ 6 n = P e 9i • &u which shows that gi ■ n = res n (8' n ), for some 9' n G Sel^(^4.*/-^n)- Then 
Knidi ■ Cn — 9'n) = 9i' a n- Since gi-Cn — d'n G s° which is annihilated by <5j, we have b~jgi-a n = 
as desired. □ 

5.3. Idempotents of the endomorphism rings. Let £ denote the ring of endomor- 
phisms of A/K and write Z p £ := Z p (g>z £ . For the rest of Section we assume that there 
exists a non-trivial idempotent e\ contained in the center of Z p £ . Set e 2 := 1 — e\. Then 
we have the decomposition: 

Z p £ = e{L p £ x e 2 Z p £. (63) 

Let 5* denote the endomorphism ring of A t /K. Since the assignment ip i— >• ■0* sending an 
endomorphism tp £ £ to its dual endomorphism can be uniquely extended to a Z p -algebra 
anti-isomorphism ■ : Z p £ — > Z p £*, we find idempotents e^e^ and the analogue of ()63|) . If 
£ and 5* act respectively on p-primary abelian groups M and N, then these actions can be 
extended to those of Z p £ and Z p £ t . We have the following Z p - version of Proposition 14 . 3. ll 

Lemma 5.3.1. For every a G a n , b G b n and ip G Z p £ we /iawe 

(a,^(6))» = <^(a),6) n . (64) 

Proof. First note that any ip E £ can be obtained as a sum of two isogenies (e.g., because 
k + ip is an isogeny for some A; G Z). Thus Proposition l4.3.ri and linearity of the Cassels-Tate 
pairing imply that (|64p holds for such ^. 

In the general case, since 7L V £ is the p-completion of £, for each positive integer m there 
exists ip m G £ such that tp — ip m G p mr L p £. Choose m so that p m a = p m b = 0. Then 

(a,lp*(b)) n = (a,^m*(6))n = (¥>m*(a),fr)n = (^*(a),&)„. 

□ 

If M and iV are respectively Z p £ and Z p £* modules, write for e, • M and iV~W for 
e* • N. Then {B3J) implies M = AfW © Af( 2 ) and N = iV"W © iV"( 2 ). In particular, 

a = a {1) © o (2) and b = b (1) © b (2) , 

with aW = fim a*? and E>W = li m bl l \ 

■< n •< n 

Corollary 5.3.2. For every n, we have a perfect duality between a!ft\ b^ and one between 

fl (2) J2) 

Proof. We just need to check (an \ bffl) n = (offi, bn^) n = 0. If a G d$ and b G bn \ then 
(a, b) n = (e\ ■ a, e 2 ■ &)„ = (a, eie 2 • 6)„ = (a, 0} n = 0. □ 

Then 2# := {aj?, b£\ ( , ),C,£™ } satisfies conditions (T-l) to (r-4) and Theorem [3X5] 
implies the following. 

Proposition 5.3.3. If X P (A/L) is a torsion A-module and 21 satisfies the hypotheses of 
either Theorem [3.1.5( 1) or \'S. 1.5( 3). then 

[a«] = [b«]« and [a®] = [b^]K 
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This holds because the conditions of being pseudo-controlled, killed by a "non-simple" 
element or enjoying property (T) are all preserved by the operators e^. However, a pseudo- 
isomorphism between 21 and another T-system need not be compatible with the 7L P f-action 
and so Theorem 13 . 1 . 5 f 2 ) cannot be used here. 

Applying to the exact sequence (j4"8|) we get 

0^ o (i) ^ X P {A/L)^^ Y p {A/Lf^0. (65) 

Unfortunately in general we are unable to compare either X p (A/ L)^ with X p (A t / L)^ or 
Y P (A/L)® with Yp^/L)®, so we fail short of an e, -version of Theorem 11.21 However, we 
can get some partial result, which will be explained in §5.3.21 

5.3.1. For each finite extension F/K write M(A/F) := Z p <g> A(F) and recall the p-adic 
height pairing Ha/f established in Lemma 14.1.21 The action of £ on A(F) extends to that 
r L p £ on M(A/F) and the following results are proven by the same reasoning as in the proofs 
of Lemma 15.3.11 and Corollary 15.3.21 

Lemma 5.3.4. For every x € M(A/F), y € M(A t /F) and if) G 7L P £ we have 

hA/F&ix), y) = h A/F (x, V>*(y)) • (66) 

Corollary 5.3.5. The height pairing gives rise to perfect dualities between Q p <S>z p M(A/F)^ 
and Q p ® Zp M(A t /F)( i \ for i = 1,2. 

5.3.2. Via ([32]) we view M(A/F) := Q p /Z p ® z A(F) as a subgroup of Sel p =o (A/F) div and 
also 

Moo(A) := limQ p /Z p ®z A(K n ) 

n 

as a subgroup of Seldi v (A/L). Denote 

Z P (A/L) := Moc{Ay. 

If all Tate-Shafarevich groups are finite, then Z p (A/L) = Y p (A/L). In any case, there is a 
surjection Y p {A/L) — » Z p (A/L) and it is fair to say that Z P (A/L) carries a big chunk of 
the information on Y p (A/L). 

The action of Z p £ on A4 QO (A) extends to its dual as (e • tp)(x) := ip(ex). Thus we can 
write 

Z P (A/L) = Z P (A/L)W Z P (A/Lf\ (67) 
where Z P (A/L)« = (Xoo(A)«) v . 

Proposition 5.3.6. If X P (A/L) is a torsion A-module, Ul p oo(A/K n ) is finite for every n 
and L/K is ramified only at good ordinary places, then 

[Z P (A/L)W] = [Z P (A*/L)^ and [Z P (A/L)<$] = [Z P {A* / L)®]* . 

Proof. Fix i € {1,2}. By Theorem 15.1.11 we write 

m m 

[Z p (A/L)V] = 0(A/(/„)r, [Z P (AVL)V] = 0(A/(/„))*' l 

u=l v=l 
where ft, ...,f m are coprime simple elements and r u , s u are nonnegative integers. We need 
to show that r v = s u for every u, since A /(f v ) = (A /(fu)) ■ 

Let Pi denote the quotient Z p (A/L)® /[Z V (A/L)®\ and P 2 the analogue for A*. Since 
Pi, P2 are pseudo-null A- modules, there are rji, 772 € A coprime to / := /1 ■ ■ ■ f m such that 
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rjjPj = 0. Then /„ is coprime to fjirfeffu - We choose u) € T v so that to(f u ) = and 
w (771 772/ Z^ 1 ) 7^ 0. Let £7 be a finite extension of Q p containing the values of u. We see E 
as an SA-module via the ring epimorphism E A — > E induced by u. The exact sequence 

= Tor^ A (£, >■ E ®ea E[Z p (A/L)®]—> E ® ea EZ P (A/L)® — > £ ®ea £Pi = 

yields 

r„ = dim s (£; ® EA EZ P {A/L)®) . 

Let PcT denote the kernel of a; and write W U (A) for the coinvariants EZ p (A/L)^l . The 
isomorphisms 

E® Eh EZ P (A/L)V ~£® EA EZ P (A/L)® ~ (EZ P (A/L)W )(«) 

show that ?v = dirng W (J (j4)^. A similar argument proves s„ = 

Write K w := L r " and T w := Gal (if ^ /if). By our assumption on Tate-Shafarevich 
groups, also IHpoo (A/KJ) is finite: then the control theorem |TanlO| Theorem 4] implies 
that the restriction map M(A/K W ) — > M 00 (A) ru has finite kernel and cokernel. Thus we 
find 

rank Zp (M(A/Kj^) V = rank Zp ((M^A)^ p) V = rank Zp Z p (A/L)®. 

Together with the obvious equality rank^ p M{A/K UJ ) = rank^ p A4{A/ K^Y and Corollary 
15.3.51 this yields 

rank Zp Z p (A/L)f u = rank Zp Z p (A l / L)^l . 
Similarly, for the character w = lo p , we have 

rank Zp Z p {AjL%\ = rank Zp Z p (A l jL%\. 

As in g323 let [to] denote the Gal(Q p /Q p )-orbit of u. By = [u] U T^ P we get the exact 
sequence of i£[T w ] -modules: 

n xeM (^(A))W . WUA) W uP {A) . 

Since for all x M t ne eigenspaces (W U (A))W have the same dimension over E, the two 
equalities and the exact sequence above imply 

<Xm E (W u (A))M = dim E (W a ,(^))^ , 

which completes the proof. □ 

Theorem 5.3.7. If X p (A/L) is a torsion A-module, Ul p oo [A/K n ) is finite for every n and 
L/K is ramified only at good ordinary places, then 

X (X p (A/L)) = x {X p {A*fLpf ■ X (X P {A/L)W) = X (X p (A/L)U) ■ x^^/L^f . 

Proof. Just use the exact sequence ([65]) (together with its A*-analogue with b^) and Propo- 
sitions [5223 EZIH EES and \S2M remembering that Z p (A/L) = Y P (A/L) by the hypoth- 
esis on Tate-Shafarevich groups, to get 

x(X p (AyLp)* = x(X p (A/L)V). (68) 

□ 

Part 2. The case of a constant ordinary abelian variety 

From now on K will be a function field with constant field F of cardinality q a power of 
p. In this part we assume that A/K is an ordinary abelian variety of dimension g defined 
over the constant field F of K. 
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6. The Frobenius Action 

Let K a be a fixed algebraic closure of K. For each positive integer m, let KWP m ) C K a 
denote the unique purely inseparable intermediate extension of degree p m over K, and let 
K (i/ P °°) := yoo =i K (i/v m ). Let i?(Vp m ) c K a denote the separable closure of ETCW"). 

Also, let Frobpm : x \— > x p ™ denote the Frobenius substitution: it induces a morphism 
Frob p m : (Vp m ) — > K. On Galois groups, Frobpm gives rise to an identification 

Gal(K/K) = Gal(J? (1/pm) /^ (1/pm) ). 

6.1. Absolute and relative Frobenius. Let Q be a commutative finite group scheme 
over K and denote Go its connected component and G et its maximal etale factor. Then we 
have the connected-etale sequence 

0^ Go — ► G — > 6? 6t — > 0. (69) 

We shall view <7, £?o an d (? as sheaves on the flat topology of K, so that we can consider 
their cohomology groups. The base change K — > i^(Vp m ) induces the restriction map: 

res m : H\(K,Q) — > B^(K^ pm \Q). 

Lemma 6.1.1. The image res m (R\(K, Q)) injects into Hg(i ; C( 1 / pm ), Q ct ) for any m such 
that p rn > dim K K[g ]. 

Proof. Suppose £ G H\(K,Qq). Since H & (K,Qq) can be computed as the Cech cohomology 
(see |Mil86al Proposition III.6.1]) 

ll\K,g ) :=B\K a /K,g ), 

by |Mil801 Corollary III. 4. 7] the class £ corresponds to a principal homogeneous space V for 
Qo such that V(L), the set of L-points of V, is non-empty for some finite extension L/K. 
The field L can be taken as the residue field of the ring K[P] modulo a maximal ideal. 
As V(K a ) = Qo(K a ) = {id}, the ring K[P] must contain exactly one maximal ideal and 
the residue field must be a purely inseparable extension over K. This shows that L can be 
taken as f or some n, and hence Go — V over KW*> n \ Also, since K[P] is a finite 

algebra over K with dimension the same as dim^- i^[^o] := d, the degree of L/K is at most 
d. Therefore, H^(if( 1 /P m ) ) Go) = for p rn > d. 

To conclude, it is enough to take the cohomology of the sequence ([69]). □ 

Remark 6.1.2. If G is defined over a perfect field then ()69p splits and the decomposition 

G = Go x g fit 

holds (see [Wat 79 1 §6.8]). In particular we have 

Ri(K,G) = Bl(K,Go) x B\(K,G 6t ). (70) 

6.1.1. Application to abelian varieties. Assume that B/K is an abelian variety. Again, we 
view B as a sheaf on the flat topology of K. Let Bpk denote the maximal etale factor of 
B p n. Lemma 16 . 1 . 1 1 immediately yields the following. 

Corollary 6.1.3. For each n, there exists SOTH6 Tfl SO that IQS m (H\(K, B p n)) injects into 

By definition, the abelian variety £?( pm ) := B Xk K is the base change over the absolute 
Frobenius Frob p ™ : K — )■ K; as a sheaf on the flat topology of K, i?(f m ) /K is identified 
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with the inverse image Frob* m B ( |Mil80l Remark II.3.1.(d)]). As we noticed before, the 
absolute Frobenius factors through 

K > if(i/p m ) Km 

Therefore we get a commutative diagram 

Frob; m 

Rl(K,B pn ) ^> R\(K,(B;i)(P m )). 

Let F^ : B — > B^"^ denote the relative Frobenius homomorphism: it is the map in- 
duced by the commutative diagram 

Frob„??i 

B B 



Frob„m 

K K. 

Lemma 6.1.4. As maps of sheaves on the flat topology of K, (F^)* and Frob*m coincide. 

Proof. Denote by ir the projection B^ p ' = B xjf K — > B. Let s be a section of B/K: 
by definition (Fg )*(s) = F^ o s, while Frob*m(s) is the unique section such that tt o 
Frob*m(s) = s o Frobpm. Since 7r o F^ = Frob p m, the claim is reduced to check that 
Frob p m 05 = 50 Frobpm and this follows from the trivial observation that the map x 1— > x pm 
commutes with every homomorphism of F p -algebras. □ 

Together with Corollary 16. 1.31 and diagram (|7ip. Lemma [6. 1 .41 implies the following corol- 
lary in an obvious way. 

Corollary 6.1.5. For each n, there exists some m so that (F^)*(Hg(if, _B p ™)), and hence 
(F ( g i) %(Sel p n(B/K)) ! is contained in R\{K , (Bpi)^) . 

6.2. The Frobenius decomposition. In the case of our constant abelian variety A, the 
map Fa<? := F^° (with a such that q = |F| = p a ) is an endomorphism and it satisfies 
p(om) _ pm ^ j n following we shall generally shorten Fa, q to F q . 

Let £ = £ a denote the ring of endomorphisms of A/K and write 7L P £ := Z p ®% £. We 
have 

[q m ] = Vj m) o F™ 

for some Vg € £. The assumption that A/W is ordinary implies that V g is separable 
in the sense that its kernel (considered as a group scheme over ¥ q ) is the maximal etale 
subgroup of A q m . We have the following silly lemma. 

Lemma 6.2.1. Suppose B,C are abelian varieties defined over ¥ and <1? € Homir(C, B). 
Then 



/or all m> 1. 
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Proof. Since F is perfect of cardinality q, B and C are identified with B^ m \C^ and 
both with the absolute Frobenius Frob g m ( [Mil86al III §0]). We already observed in 
the proof of Lemma 16.1.41 that Frob q ™ commutes with every algebraic map over F. Then 

F S ° ( V S ° $ ~ $ ° V cT^ = holds ' since 

fS ° V K ° * = [<n ° * = * ° [<n = * ° F S ° = F £> o $ o 

The second statement follows from the fact that Fr „ has finite kernel. □ 

£>, q 

The lemma implies 

[«1 = Mo'-[?]=V™oF» 
where V q = vj 1} (i.e., V$ m) = V™). 

Lemma 6.2.2. The operator V™ + F™ is invertible in Z p £ for all m > 1. 

Proo/. It is enough to show that C := Ker(V™ + F™)nKer([p]) is trivial: for then Ker(V™ + 
F™) C A n for some n coprime with p, implying that [n] (which is invertible in Z p £) factors 
through V™ + F™. 

Since V™ o (V™ + F™) = V^ m + [q m ], we have C C Ker(V2 m ). This implies that C 
is an etale subgroup scheme of A p , and hence C C Ker(V 9 ) C Ker(V™). Then we shall 
have C C Ker(F™), too. But since C is etale contained in Ker(F™), which is the connected 
component of A q m , it must be trivial. □ 

Corollary 6.2.3. We have the decomposition of Z p - algebra: 

Z p £ = TxV, 

where 

T:= P| F™\Z P £) and V := f] V™(Z p S). 

m>0 m>0 

Proof. The ring Z p £ has a natural topology as the p-adic completion of £. Since Z p £ is 
compact, it is possible to find subsequences F™ fc , V™ fc converging respectively to Fqo € T, 
Vqo € V. Lemma 16.2.11 shows that Foo, Vqo are both in the center of Z p £ and that J 7 , V 
are two-sided ideals. By Lemma 16.2.21 and the fact that (Z p £) x is closed, 

Foo + V 00 = lim (F™*+V™*) 

is a unit. To complete the proof, we only need to note that Foo Vqo = as FqoVqo E 
F™V;(Z p £) = q m Z p £ for all m. □ 

By Corollary 16.2.31 any Zpf-module M decomposes as TM © VM. In many cases, a 
better grasp of the two components can be obtained by the following lemma (and its obvious 
V-analogue) . 

Lemma 6.2.4. Let W be a Z p £-module and W\q n \ its q n -torsion submodule. Then 

FW[q n ] = F n q (W[q n }). 
In particular, ifW is a p-primary abelian group then J-W = f] n F q W. 
Proof. By Lemma |6.2.2| for any m > n and any r > 1 we have 

F r q m Z p £ + q n Z p £ = (F™ + V™)(F r q m Z p £ + q n Z p £) = F q r+l ^ m Z p £ + q n Z p £ . 
Hence the image of F in Z p £/q n Z p £ is F q (Z p £/q n Z p £). □ 
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Before applying the theory of ^5.3| we recall that (F^,)* = Va* q and (V^,)' = F^t q . 
This should be well-known; a proof can be found in |GMl Proposition 7.34]. As a conse- 
quence, we get 

(TaY = V A t and (V A f = T A t . (72) 
Proposition 6.2.5. If X P (A/L) is a torsion A-module, then 

X {T A X p {A/L)) = xiVAtX^/L))^ and X (V A X P (A/L)) = x^A^A 1 / L)f . 



Proof. By (|T2[) this is just a reformulation of (|68p . Since A is defined over F and ordinary, 
it has good ordinary reduction at every place of K. By |Mil68t Theorem 3] it is known 
that LUpoo (A/K n ) is finite for every n. Therefore, the conditions of Theorem 15.3.71 are 
satisfied. □ 

Lemma 6.2.6. If one of the following modules 

X p (A/L), T A X P (A/L), V A X P (A/L), 

and 

X p (A l /L), T A tX p (A l lL), VAtX^/L), 
is torsion over A, then all of them are torsion over A. 

Proof. Applying any sequence of isogenies 

A — > A 1 — > A — > A 1 , 

so that the composition of the last (resp. first) two arrows equals some [n] (resp. [n']), we 
see that if any item of the upper (resp. lower) row is annihilated by a non-zero £ G A, then 
the corresponding item in the lower (resp. upper) row is annihilated by n'£ (resp. n£). In 
view of the decomposition 

X p (A/L) = T A X p (A/L) © V A X p (A/L) , (73) 

we only need to show that H A X p (A/ L) is torsion if and only if so is IC A tX p (A t / L), with 
{H,JC} = {T,V}. 

Suppose 7i A X p (A/L) is annihilated by £ € A. Then ■ U A Sel p °o(A/L) = 0. Let 7 E T 
be a non-trivial element: as in the proof of Lemma 15.2.31 one finds a polynomial g 7 such 
that g^(j) ■ A(L)\p°°] = 0. Hence 5 := ^(7) annihilates H 1 (F^ , A p *o (L)) for every n. Then 
■ H A Selpoo (A/K n ) = for every n as we have 

^ ■ H A Selp°°(A/K n ) C Kev(Sel p °o(A/K n ) — ► Sel p ^{A/L)) = H 1 (F {n) , A p oo (L)) . 

In particular, 5^ annihilates both T^b^and %a Se\ p °°{A/ K n )<n v = T~La ■ (Qp/^p <8> A{K n )). 
This implies that 5^ annihilates both K A t SeLyx)^* / K n )^ iv and lC A ta n , by Corollaries 15.3.21 
and lQ31 Hence, ■ K A t Se\ p o (A t /K n ) = as well. Therefore, ■ K A t Sel p cx> {A^/L) = 
and by duality 5^ ■ K, A tX p °° (A t /L) = as desired. □ 

Proposition 6.2.7. If A is an ordinary abelian variety overF, then 

X (X P (A/L)) = X {FX P {A/L)) ■ x&AtXMVL))*- 

Proof. If J-X p (A/L) is torsion, then the equality follows from Lemma I6.2.6| Proposition 
IQ31 and (1731): otherwise, we get = 0. □ 
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6.3. Selmer groups and class groups. In this section we reduce the computation of 
TX p {A/L) to that of Galois cohomology groups. 

Lemma f6. 2. 41 and Corollary 16.1.51 imply that T ■ Sel p n(A/F) is contained in Ji\(F, Ap). 
The latter can be viewed as Galois cohomology, by |Mil80l III, Theorem 3.9]: since Ap 
is etale, in the following we will not distinguish between the sheaf Apt and the usual p n - 
torsion subgroup Ap n (K) = A(K)[p n \. Also, when considering Galois cohomology, we shall 
shorten A(ET)[p n ] to A\p n ] and Ga\(F/F) to Gf- In particular, we shall write 

A[p°°} := A(K)[p°°] = ljA\p n ]. 

Let K n denote the compositum F( J 4[p n ])i ; T: it is an abelian extension over K, such that, 
for n > 1, Gal(K n+ i/K n ) is an abelian p-group annihilated by p. Suppose K n C F: then 
we can identify H^ al (F, A\p n \) with Hom(G F , A[p n ]). Recall that if G Hom(G F , A[p n ]) is 
said to be unramified at a place v if Ker(i^) contains the inertia group at v. 

Lemma 6.3.1. Suppose F/K is a finite extension with K n C F. Then an element ip S 
Hoxii(Gf, A\p n ]) = Hq^(F, A[p n ]) is contained in Sel p n(A/ F) if and only if cp is unramified 
everywhere. 

Here we use (|70p to identify 

H^(F,Ab n ]) = H^ t (F, Apr) = Hl(F,Af n ) 
with a subgroup of H^(F, A p n). 

Proof. For v a place of F, let F^ nr denote an unramified closure of the completion F v . 
Consider the diagram (with exact lines) 

> H^(Fr7^^b n ]) ► KgAFv,A\p"]) ► H^ al (Fr r ,A[p n ]) 

1 1 (74) 

> Rh^r/F^A) ► Rh al (F v ,A) ► Rl al (Fr r ,A). 

The last vertical map is injective: for, if ip is contained in the kernel, then there exists a 
point Q G A(F V ) such that <p(o~) = o~Q — Q for a in the inertia subgroup. As the latter acts 
trivially on the residue field, the reduction (p(cr) is 0. But since A = A (the reduction of A at 
v), the reduction map induces an isomorphism A[p n ] ~ A[p n ]@ Then we get <p(cr) = 0, and 
hence a G Ker (ip); that is, ip is unramified. Also, we have (F^ nr /F v , A) = by |Mil86al 
I, Proposition 3.8] (a consequence of Lang's theorem and Hensel's lemma). Therefore, the 
kernel of the central vertical map in (|74p is exactly HQ^(F^ nr / F v , A[p n ]) . 

Now it is enough to observe that the cocycles in Hq^F, A\p n ]) whose restriction to 
H^ al (F^, A\p n )) is contained in H l G&l {F^ nr / F v , A\p n )) are, by definition, the ones unramified 
at v . □ 

Let 2Hf denote the p-completion of the divisor class group of F. Note that the class 
group of F consists of degree zero divisor classes: let £p be its Sylow p-subgroup. Then 
the degree map induces the exact sequence 

► 1 F ► 2Uf Z p ► 0. (75) 

^This holds more generally for abelian varieties with good ordinary reduction: see [Tan 101 Corollary 
2.1.3]. 
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Lemma 6.3.2. Suppose F/K is a finite extension with K n C F. Then 

T ■ Sel p n(A/F) = Hom(233 F , A[p n }). 

Proof. Let 03 denote the group of homomorphisms Hom(223i?, ^4[p n ]). Class field theory 
identifies 2Hf with G&l(F unr ' p / F) , where F unr,v is the maximal everywhere unramified 
abelian pro-p-extension of F. Thus, since F™ induces an isomorphism on ^4[p n ], Lemma 
16.3.11 Lemma 16.2.41 and Corollary 16.1.51 imply, for m 3> 0, 

23 = F™^(23) c F^(Sel p «(A/F)) = T ■ Se^A/F) c 23. 

□ 

6.3.1. The extensions L ar and L. Let ¥(A[p°°]) C F be the field of definition of A[p°°). We 
have Gal(F( J 4[p°°])/F) ~ 7L V x H for some finite cyclic group H of order prime to p. Let 

L ar denote the compositum , with F ar := Gal(L ar / K) ~ Z^', d! > d, and let 

L:=L¥(A[p^}), 

with r := G&l(L/K). By a slight abuse of notation we can write 

f = T ar x H . (76) 

By the main theorem of [Tan 10] . X p {A/L) is a finitely generated A(r ar )-module, whence 
so is J-X p (A/L). Define 

W L :=lim2U F . 

F 

Proposition 6.3.3. We have a canonical isomorphism of Gsl{L / K) -modules: 

FX V {A/~L)~W L ®z p A[p™}\ 
Proof. Since 2B^ is compact and ^[p 00 ] discrete, we have 

¥Lom cont (W L ,A[p n }) = limHom(2B F ,^[p n ]) , 

F 

where F runs through all finite degree subextensions of L/K (note that all homomorphisms 
from a finitely generated Z p - module such as 2Bp into a finite group are continuous), and of 
course 

lim Honw (2U Z ,A\p n ]) = Honw (W L , A \p°°] ) . 

n 

Hence we get, by Lemma f6. 3. 21 

FX P (A/~L) = Honw(22J z , A[p°°}) v . 

Finally, the map 

2Hl ^[pT— ► Hom cont (2IJ z , A[p°°}) v , 
which sends w ® Q* to (p t-> Q*((p(w)), is an isomorphism because ^4[p°°] v is a finitely 
generated free Z p -module. □ 

Note that if F is a finite extension of K with constant field of cardinality q n , then we 
have the commutative diagram 

22Jf -*«2+ Z p 
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where the first down-arrow is the norm map and the second is the multiplication by n. 
Therefore, since L/K contains the constant Zp-extension, the exact sequence ([75 p implies 

2H Z = £ z := JjmCjr. (77) 

F 

Lemma 6.3.4. The group 233^ has no p-torsion. 

Proof. For F a finite extension of K put F n := ¥(A[p n ])F. It suffices to show that for any 
F the projective limit (on n) of <£p n has no p-torsion. Let C/Fp be the curve associated 
with the function field F (whose field of constants is Fp), so that 

<£ Fn = JacC[p°°]nJacC(F Fn ). 

Let t = (t n ) be an element in the p-torsion of hm £p n : then t n £ JacC[p] for all n and hence 
there is some m such that i n 6 JacC{¥ F m ) for every n. But then for n > m the norm map 
£p n — > £p„_ 1 acts on i„ as multiplication by a power of p, hence i = 0. □ 

6.4. Frobenius Twist of Class Groups. Let O denote the ring of integers of some finite 
extension over Q p . Recall the algebras Aq(T) and Aq(T) defined in Subsection 12.11 

6.4.1. The twist matrix. Since A is defined over F, j4[p°°] is actually a Gal(F/F)-module. 
The latter group is topologically generated by the Frobenius substitution Fr g . After the 
choice of an isomorphism j4[p°°] ~ (Qp/Zp) 9 , the action of Fr q becomes that of a g x g 
matrix u, called the twist matrix (see page 216 of [Maz72j for a more detailed discussion). 
By |Maz72[ Corollary 4.37], the eigenvalues of the Frobenius endomorphism F q of A are 

ai,...,a g , Pi := q/ai,...,/3 g := q/a g , 

where a%,...,a g are the eigenvalues of u, counted with multiplicities. Assume that O contains 
then 

ai £O x , fceqO. (78) 
Lemma 6.4.1. The twist matrix u is semi-simple. 

Proof. It is sufficient to assume that A is simple. Suppose a%,...,ak, k < g, are all the 
distinct eigenvalues of u and let 

$ = (F, - ai) • • ■ (F, - a k )(F q - ft) ■ ■ ■ (F, - ft). 

Then $ € Z[F g ] C £ is nilpotent and hence the simplicity assumption yields $ = 0. 
On A[p°°], Fq acts as Fr q . Assume that O contains a^. Then, by (17811 . 

: ^-i :=l + AFr- 1 + -.. + ft"Fr-" + ... 
1 - ft Fr ? 

gives rise to an endomorphism of the group CMfp 00 ]. Therefore, 

Fr g -ft = Fr,(l-ftFr- 1 ) 

is an automorphism of Ovlfp 00 ]. This shows that (Fr q —ft) • • • (Fr q —ft) is an automorphism 
of A[p°°], and thus <1> = implies that on A[p°°] 

(Fr q -a x ) ■ ■ ■ (Fr q -a k ) = 0. 

□ 
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6.4.2. The Frobenius action on A[p°°] v . The action of Fi q on A[p°°] v ~ 7L P is through 
the inverse matrix u . Suppose O contains all a\,...,a g . Let Aj denotes the continuous 
homomorphism f — > Gal(K (A\p°°]) / K) — s> O x such that 

A,(Fr g ) := a' 1 (79) 

Let O(Xi) be the twist of O by Aj defined in ^2.31 (see ^ and the lines just after it). Denote 

Note that Proposition 16.3.31 implies that 2H^ is finitely generated over A(r or ). 

Proposition 6.4.2. Assume that is torsion over A(T ar ) and that O contains ai, ...,a g 
as well as ip(h) for all ip € H v , h £ H. Then for every ip € H v there is a pseudo- 
isomorphism of Ao(r ar ) -modules 

(OFX p (A/L)) W ~ 0O2H^ rl) ® 0(A,) . 
i=i 

Moreover, we have 

9 _ x 
OFX p {A/L ar ) ~ 02H^ } O O(Ai) . 

t=l 

Proof. Since Pr g topologically generates G&l(K(A[p°°])/K), Lemma 16.4.11 yields an exact 
sequence of C[[Gal( J ft:(A[p 00 ])/ J fC)]]-modules 

9 

0^ O(Ai)— > CM[p°°] v — > Q — ► (80) 

i=l 

with p m Q = for some m. Lemma 16.3.41 implies that 2U^ is a flat Z p -module and is 
annihilated by some / £ A(r ar ) coprime with p: by Lemma 12.2.11 it follows that the 
module Wi <8>z p Q is pseudo-null over Ao(r ar ). Hence ([80]) implies that 233^ (g> Zp OA[p°°] v 
is pseudo-isomorphic to ©f =1 <8>z p C(Aj). Since the group i7 is of order prime to p, we 
have 

9 9 

02U Z 0(A<) = 00 Owf ®o 0(h) . 

i=l i=l ip£H v 

The first statement then follows from Proposition 16.3.31 

To prove the second claim, note first that the restriction map provides the identification 

§e\ p oo(A/L ar ) = §e\ p oo(A/L) H 

(since composing with corestriction amounts to multiply by the order of H , which is prime 
to p). Therefore, if h is a generator of H then 

OFX p (A/L ar ) = OFX p (A/L)/{\ - h)OFX p {A/L) 
which, according to the above argument, is pseudo-isomorphic to ® 2B~^ ! ^ ®% O(Aj). □ 

Li " 

7. The Iwasawa Main Conjecture for constant abelian varieties 

In this section, we keep the notation of §6.31 and N6.4I In the following we shall iden- 
tify the Galois group Gal(K(A\p°°])/K) with Gal(F(A[p°°])/F) and consider the Frobenius 
substitution Fi q as an element of it. 
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7.1. The Stickelberger element and divisor class groups. Given a topological ring 
R, the ring of formal power series Z2[[it]] is endowed with the topology coming from identi- 
fication with an infinite product of copies of R. Then any continuous ring homomorphism 
<fi: R — > R' extends to a continuous ring homomorphism — > R'[[u]] by applying (f) to 
each coefficient. 

7.1.1. The Stickelberger element. Let M/K be an abelian Galois extension (of finite or 
infinite degree) unramified outside S; in case S = 0, we furthermore stipulate that M is a 
subfield of KF, so that Gal(M/K) is generated by Fr q (note that if 5 = then L = K&\ 
L = i^(^4[p°°]), because non-arithmetic abelian totally unramified extensions of K have 
Galois group a factor of the finite group 

For any place v outside S let the symbol [v]m € Ga\(M/K) denote the (arithmetic) 
Frobenius element at v. Also, set 5s = if S ^ and 5s = 1 if S = 0. Since there are only 
finitely many places with degree bounded by a given positive integer, we can express the 
infinite product 

@M,s(u) := (1 - Fr, JJ(1 - [v]m • u^)" 1 (81) 

as a formal power series in Z [Gal (M/K) } [[u]] C Z P [[G&\(M / K)}] [[«]]. 

Clearly &m,S is well-behaved with respect to the maps induced by Gal(M / K) — > G&l(M'/K), 
for any extension M/M'. Furthermore, if uj: Gal(M/K) — > C x is a continuous character 
then it extends to a ring homomorphism uj: Z[r][[it]] — > C[[q~ s ]] by it i— > q~ s and we have 

w(e M) ff(«)) =%s), (82) 
where, letting <7„ := g de s( ,; ) for i; a place of .ff , the right-hand side is defined by 

L s (u, s) := (1 - ^(Fr,) 9 -)* fl ~ W (M^) &T 1 - (83) 

Recall that for any topological ring R the Tate algebra R(u) consists of those power 
series in -R[[it]] whose coefficients tend to 0. 

Proposition 7.1.1. The power series Qm,s{ u ) belongs to Z p [[Gal(Al / K)]]{u) . 

Proof. We choose an auxiliary non-empty finite set T of places of K such that S H T = 
and define 

®m,S,t{ u ) := @m,s( u ) II^ 1 " ?«Hm ' 

Let w : Gal(M/iT) — > C x be any continuous character and denote by S w C 5 its ramification 
locus and -fC^ the fixed field of Ker(cj). By a result of Weil it is known that the L-function 

L(u,,s):= n^-^M^kT 8 )- 1 (84) 
is rational in q~ s : there is a polynomial P u (u) £ C[ii] such that 

L(W ' S)= (l-a;(Fr 9 )g-)^(l-a;(Fr (? )g 1 - s )^ ' (85) 

where 5 W = 1 if u factors through a quotient of Gal(KF/K), else. Equalities (|55j) and 
dS2|) imply that 

w(6 W («)) = (1 - ^(Fr,) g-)* J] (1 - W (HkJ ^" S ) I] ( X " W (M*J C) " ^ *) 



is an element in the polynomial ring C[g~ s ]; since this holds for arbitrary lj, it follows that 
@f,S,t(u) belongs to Z[Gal(F/i ; r)][n] for any finite degree intermediate field F of M/K. Q 
Therefore the coefficients of the power series ®m,s,t(u) G Z[Gal(M/AT)] [[u]] tend to zero in 

lim Z[Gal{F/K)} =: Z[[Gal(M/iT)]] C Z p [[Gal{M / K)]} . 

FcM 

To complete the proof now it suffices to observe that all factors in the auxiliary term 
ILstC 1 - 9v[v]m ■ u de ^)) are units in Z p [[Gal(M / K)]]{u) . □ 

Therefore, if a G Q p with |q| < 1, then @m,s(®) converges p-adically. 

Lemma 7.1.2. Let a G Q be embedded in Q p so that \a\ < 1. Let oj; G&l(M/K) — > C x be 
a continuous character and extend it to a ring homomorphism Z*[a][[G&l(M / K)]] — >• C by 
u( a ) = q~ s °. Then 

oj{@M,s( a )) =L* s (u,s ). (86) 

Note that, by ([85]) . L* s (lj,s) can have a pole at s only when q~ s = q~ 1 io(Fr q )~ 1 : hence 
the right-hand side of ([86]) is well-defined. 



Proof. The key is to note that oj(@m,s(u)) = w(8/f Ui s(u)). As observed in the proof of 
Proposition 17. 1 . IT by Weil's theorems Sjf u ,s(«) is a rational function in Z [Gal (K^ /K )](u): 
as such, u(Q KbJ ,s(u)) = lj(@ Kuj ,s){u(u)) . □ 

Define the Stickelberger element 

Om,s ■= e M ,s(l) G Z p [[Ga\(M/K)]) . (87) 
Lemma 7.1.3. If K^ C M, then 9 M ,S + 0. 

Proof. By (J86D, it suffices to show L* s (lj, 0) + for some w G Gsi(K^/K) w C Gal(M/K) v . 
Observe that for such an lj, the L-function L(oj,s) is just a twist of the Dedekind zeta 
function (k(s)'- hence, letting e := w(Fr g ) and £„ = e deg ( v \ we have 

LJ( W , .) = (!-« gd - ■ (t^ffiV.) 

since (1 — (7~ s )(l — <7 1_s )0i"( s ) = Pk{q~ s ) for some polynomial P^. This proves our claim, 
because Pk{z) 7^ by the Riemann hypothesis over function fields and if we choose lj of 
order sufficiently high then e v ^ 1 for all v G S. □ 

Remark 7.1.4. The proof was particularly simple because we assume that M contains 
a large arithmetic extension of K. More generally, one can use [Tan94b, Lemma 1.2] to 
deduce that 6m,s = if and only if there exists some place in 5 splitting completely over 
M/K. 

7.1.2. Relation with class groups. In addition to the maps defined in (HI), (H2) of £ 12.11 we 
will use the following morphism: 

(H3) Since T = T ar x H, any character tp : H — > O x can be extended to a homomorphism 
V>: A c (f )— >• Ao(r ar ) , via (h,g) if,(h)g. 



'A more detailed discussion of Qf,s,t{u) can be found in [Ta84l V, Proposition 2.15]. See also |Gro88l 

§3]. 
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For each if) G H y consider 

The following theorem was proved in [Crw87]; a simplified proof (avoiding the use of crys- 
talline cohomology) has recently been given in [BLT09| . 



Theorem 7.1.5. Let notation be as above and assume that tp E H v with ip(h) G O for 

L 



every h G H. Then OWj is a finitely generated Kq(T ar ) -module and 



From oj G r^ r one obtains a character uxip via (|76p . Then w(^,L ar ,5) = (wx V0(^Z 5) = 
L* s (uj x V)0) an d the proof of Lemma 17.1.31 is easily adapted to show that 0%h L ar S 7^ 0. 
Thus Theorem 17.1.51 implies is torsion over A(r or ). By Proposition 16.4.21 we get 

Corollary 7.1.6. Both J r X p (A/L) andFX p {A/L ar ) are torsion Aq(T ar ) -modules. 

7.2. Frobenius Twist of Stickelberger Elements. In this section, we compute the 
characteristic ideal of X p {A/ L ar ). As in £ 16.4.21 we assume that the ring O contains all 
oji, ...,a g as well as ijj(h) for all ip G H y , h G H. 

Proposition 7.2.1. Let Aj and tpi be as in N6.4.2L Then 

Xo,r ar ((OTX p (A/L))^) = JJ (X^^^J) 

8=1 

and 

Xo,r ar {OFX p {A/L ar )) = f[ {K^^J) ■ 

i=l 

Proof. The statement follows from Proposition 16.4.21 Lemma 12.3.11 and Theorem 17.1.51 □ 

7.2.1. The Stickelberger element for A. Let M/K be an extension as in ^7.1.11 For i = 
1, ...,<?, define 

G + a,m,s, ■= QmM^ e 0[[Gal(M/K)]] . (89) 
This makes sense by Proposition 17.1.11 because a% is a unit in O. Put 

9 

9 A,M,S := II 9 A,M,S,i ■ ( 90 ) 
i=l 

Note that Q\ L s G A(r ar ), since the set {a±, a g } is stable under the action of Gal(Q p /Q p ). 
Define 

0a,M,S ■= °%M,S • ( e A,M,sf- 

Proposition 7.2.2. We have 

X (X P {A/L ar )) = (9 A , Lar ,s)- 

Proof. Since A and A t are isogenous, they share the same twist matrix. Thus, in view of 
Proposition 16.2.71 and Proposition 17.2.11 we only need to prove the equality 

v*td \ — a+ 
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But this is just a matter of unwinding definitions. The composition A* o^r 1 o-f : f — > Ao(T ar 
sends 7 = (7//,7r Qr ) to ^i(,l)7r ar - In particular, 

(A* o VT 1 o -«)(1 - [v]- L ■ u de ^)) = 1 - HlvWMilu^ = 1 - [«]£(ar 1 u)*«M , 
which implies 

□ 

7.3. p-adic interpolation of the L-function. Recall that the L-function of A is 
L(A,s) := IJp„(AO _1 = II^ 1 " ^HIt^)- 1 , 

V V 

where [v] is the arithmetic Frobenius at v, acting on the £-adic (£ 7^ p) Tate module TgA. 
Let to: T -4 /^pcx) be a continuous character: the twisted L-function is then 



L s (A,to,s) := H^A^MLkTT 1 - 



Before stating the interpolation formula relating Oa,l,s with Ls(A,to,l), we need to 
introduce some notation. Recall the numbers aj,/3j introduced in §6.4.11 in the following, 
we fix an embedding of the set {cti,[3i} in C. Let C S be the set of places where to 
ramifies, the fixed field of Ker(w) and put 

(where 07^ := a^ cg ^ and /3j 5 „ := j3? es ^ = q v a~l). Also, set 

A 5 := - ar 1 Fr-Y s (l - a" 1 Fr,)^ G C[T] , 

where <5,g 6 {0, 1} is the same as in f|81 [) . 

Denote by k the genus of K (that is, the genus of the corresponding curve C/F) and by 
d u the degree of the conductor of to. Fix an additive character : Ak/K — >• /i p00 on the 
adele classes of K and let b = (b v ) be a differental idele attached to \I> ( |We741 p. 113]) and, 
for every place v, let a v be the self-dual Haar measure on K v with reference to *& v . Then 
define 

' io{¥r q f- 2K if to factors through Gal(KW/K) 



t(io) := < 



1 If 

~ 77T 1 I" T7? / ^(^^(^a^da^x) otherwise 

to(o) - LJ - I?, l 1 /^ //nx 



where O v is the ring of integers of K v . 

Theorem 7.3.1. The element 9a,l,s interpolates the L-function of A: for any continuous 
character to : T — > /x p00 we have 

u(9a,L,s) = r(toy {q^ 2 f[ a f) 2 ^ 2+d - U (A S ) E s ^ L S (A, to, 1) . (91) 

i=i 
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Proof. By definition, recalling (|89p . we have 

9 9 

A ,L,S = n G %L A M,L,S^ = fl ^Si^f Q^sK 1 ) ■ (92) 
i=l i=l 

For every i fix Si £ C such that = so that /3j = Lemma 17.1.21 yields 

and 

because u(X^) = uj~ 1 (X) for any A £ A. It is well known that the L-function satisfies the 
functional equation 

L{oo~\s) = T(cj)q^~ s ^ 2K - 2+d ^L(oj, 1 - s) (93) 
(see e.g. [Wc74j VII, Theorems 4 and 6]). Defining 
L s (uj-\ s) := L(u-\ s) H (1 - wCHfJ-V) = (1 - wO^rVT^K" -1 . a) , 

formula (|93p implies 

1 - U)( \v \f..)B-: 



Putting everything together, we have obtained 



9 

i=l i=l 



9 {v g/2 fl a- l f K ~ 2+d " co(As) S s (w) Lsfa *) 1 - *) . 



On the other hand, 

-^-Vl , ,/L.l \„ „-lW 



l s (A^,i) = nn( 1 - w (Ni)A,^ J 7 1 ) (l-^Hi)^?,; 1 ) (94) 

9 

= ~[L s (u, Si) L s {uj, 1 - Si) , (95) 

i=l 

since, by [Maz72] Corollary 4.37], 

9 

P v (A,x) = JJ(1 - aj,t,x)(l - Pi, v x). 



i=i 

□ 



Remark 7.3.2. The function /^(.A, cannot have a pole at s = 1: this follows from 
([95]) and ([85]) . using the fact that the aj's cannot be roots of 1 (since, as eigenvalues of the 
Frobenius endomorphism of A, the a^s are Weil g-numbers). 
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7.3.1. The p-adic L-function for L = K&) . In the case S = (that is, L is the arithmetic 

extension K^), formula (j9Tj) can be improved a little. We have Hg ^, = 1 and 5^ = for 
all oj, while 

g 

i=i 

can be seen as an element in A, because the a^'s are the eigenvalues of the twist matrix 
u G GL g (Z p ). Define 

: =^^(n«0 2,t "^- 2) ^)^Q(A), (96) 

where Q(A) is the fraction field of A. By Theorem 17.3.11 we see that 

u(£ A/K w) = L(A,u,l) (97) 

for all characters of T. We can think of C . ,„( V ) as the value at s = 1 of 

C A/K i £) (s) := flU (1 - [v] Lai , vq Z s y\l - [vUPi^T 1 e A[[<T*]]. 

i=l f 

In section 19.1.21 below the reader will find a different p-adic L-function £ ( P ), defined 

in the case when L is the arithmetic extension and A/if has semistable reduction. 
Theorem 19 . 1 . 5 1 will prove that £a/l = £a/l when A is a constant abelian variety. 

7.4. Proof of the Main Conjecture. Proposition 17.2.21 proves the Iwasawa Main Con- 
jecture (i.e., the analogue of (IMC3)) for A/K a constant abelian variety when L = L ar . 
To deal with the general case, we apply the following theorem. For M' C M two Ga- 
lois extensions of K, let Pm/m ,: %> p [[G&l(M / K)]] — > Z p [[Gal(M' / AT)]] denote the natural 
map of Iwasawa algebras. We write xm, Xm> for characteristic ideals in Z p [[Gal(M/A')]], 
Z p [[Gal(M'/K)]] respectively. 

Theorem 7.4.1 (Tan). Let M/K be a Z|- extension, ramified at finitely many places, and 
M'/K a Zp _1 -subextension, e > 2. Define $m/m' > Qm/m' € Z p [[Gal(M'/AT)]] by 

9 

$m/m> ■■= n n^ 1 - «^hmO(i - «^hm') (98) 

v ^S M/M , i=l 



{where Sm/m' i> s the set of places ramified in M/K but not in M'/K) and 
Qm/M' '■ 



< 



( 9 

- aj l Fr f/ )(1 - a; 1 Fr" 1 ) when M' = 



i=l 

1 otherwise. 



(99) 



Then 

$m/m> ■ XM>(X P (A/M')) = Qm/m' ■ Pm/m> {xm(X p (A/M))) . (100) 

This is just a special case of |Tanl2l Theorem 1]: since A has good reduction everywhere, 
the only terms appearing in JT $ v of loc. cit. are the ones coming from changes in the set 
of ramified places, i.e., $m/M' as defined in 
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Proof of Theorem [US By Proposition [7X21 x{X p (A/L ar )) = (0A,L ar ,s>)- U L = L ar 
then the result is already proved. Otherwise, apply Theorem 17.4.11 with M = L ar and 
M' = L. Then obviously Sm/m' = ^> an d hence $m/M' = 1- Also, Qh ar /L = 1 

since is 

not contained in L. Therefore (|100p implies the desired equality 

X (X P (A/L)) = (9 ALyS ) 

as PLar/L^A,L ar ,S) = Oa,L,S ■ □ 

Part 3. The case of the arithmetic Z p -extension 

We keep the setting of Part [21 K is a function field and F its constant field, with |F| = q. 

8. Syntomic cohomology of abelian varieties 

As announced in the introduction, if we take as L the arithmetic Z p -extension we can 
deal with all semistable abelian varieties and not just the constant ones. Thus in this part 

we let A/K be an abelian variety with at worst semistable reduction, but we impose the 

(p) 

restriction that L = K^o . 

8.0. 1. The arithmetic tower. We fix the notations for PartO For any n > 0, let k n /¥ be the 

Z/p n Z-extension of F and let := U n >ofe n denote the induced Z p -extension of F. Thus our 

(p) (p) 

tower becomes K n := Kk n and L = := Kkso . Since they are canonically isomorphic, 
we identify T, T n and r( n ) with Gal(^V F )> Gal(fc n /F) and Gsl{k { £ /k n ) respectively. As 
in Part [21 we denote by Fr g the generator of Gal(/c^/F), x t— > x q . 

Recall the smooth proper geometrically connected curve C/F which is the model of K 

(p) 

over F. Let := C Xf kso and C n := C xp k n . Let tt : Coo — > C and ir n : C n — > C denote 
the etale covering with Galois group V and T n respectively. By abuse of notation, we will 
also denote by tt and 7r n the associated morphisms in the log crystalline topos ( [BBM82] ). 

8.1. The cohomology. 

8.1.1. The Dieudonne crystal. Let A denote the Neron model of A over C. Let U be the 
dense open subset of C where A has good reduction and Z := C — U the finite (possibly 
empty) set of points where A has bad (at worst semistable) reduction. We endow C with 
the log structure induced by the smooth divisor Z and denote this log-scheme. Let D be 
the (covariant) log Dieudonne crystal over C#/W(W) associated with A/K as constructed 
in [KT031 IV]. Recall the following theorem of |KT03j : 

Theorem 8.1.1. ( |KT031 §5. 4(b) and §5.5]) Let i be the canonical morphism of topoi of 
|BBM82j from the topos of sheaves on to the log crystalline topos (C#/VF(F)) cf ^ s . 

There exists a surjective map of sheaves D — > i*(Lie(A)) in (C* /W (F)) cryg . 

8.1.2. A distinguished triangle. We denote by D° the kernel of D — ¥ i*(Lie(A)) in the 
topos (C*/W(¥)) 

crys- Let 1 : — > D be the natural inclusion. By applying the canonical 
projection u* from the log crystalline topos (C& /W(F)) crys to the topos of sheaves on 
we get a distinguished triangle: 

Ru*D° Ru*D — ► Lie(A). 

We can twist this triangle by the divisor Z to get a triangle: 

Ru*D°(-Z) Ru*D(-Z) — y Lie{A)(-Z). (101) 
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where D(—Z) is the twist of the log Dieudonne crystal D defined in [KT031 §5.11]. 

8.1.3. The syntomic complex. In [KT031 §5.8], a Frobenius operator 

ip: Ru*D°(-Z) — ► Ru*D(-Z) 

is constructed. We denote by Sd the mapping fiber of the map 

l-<p: Ru*D°{-Z) — ► Ru*D{-Z). 

This complex is an object in the derived category of complexes of sheaves over and we 
have a distinguished triangle: 

S D — > Ru*D°(-Z) Ru*D(-Z). (102) 

8.1.4. The cohomology theories. We define the following modules: 

(1) Let 

PI := Krys(C*/W(k n ),7T* n D(-Z)) . 

Then for any n, P^ is a finitely generated W (k n )-module endowed with a Fr g -linear 
operator Fi tU induced by the Frobenius operator of the Dieudonne crystal. Using 
the (log) crystalline base change by the morphism of topoi 7r n : (C^ > /W(k n )) crys — > 
{C*/W{¥)) crys f [Ka94l §2.5.2]) and by flatness of the extensions W(k n )/Z p , we 
have, for n > 1, 

PI ~ P* ® W(fc n ) . (103) 

These isomorphisms identify the Fr g -linear operator n on the left hand side with 
the Fr^dinear operator i 7 ^ ® Fr g on the right hand side. 

(2) Let M{ be the ith cohomology group of 

mr crys (c#/w(k£), n*D°(-z)) ® L q p /z p . 

(3) Let M2 jOC be the ith cohomology group of 

RT crys (C*/W(k^), ir*D(-Z)) ® L Q p /Z p . 

(4) Let M\ n be the zth cohomology group of 

RT crys (C*/W(k n ),7T* n D°(-Z)) ® L Q p /Z p . 

(5) Let n be the zth cohomology group of 

RT crys (C*/W(k n ),7T* n D(-Z)) ® L Q p /Z p . 

Again by the base change theorem, we have, for k = 1,2, an isomorphism of 
torsion W(fe^)-modules 

Mi t „ctMl t0 <8>W(k<g) (104) 

and for any n > an isomorphism of torsion W(fc n )-modules 

Mi n ~Mi ®W(k n ) 

identifying the Fr^dinear operator 1 — <pi n on the left hand side with the Fr g dinear 
operator 1 (g) id — (pi t o <8> Fr g on the right hand side. 

(6) Let be the ith cohomology group of 

Kr(Coo,7r*Lie(^(-Z))) <g> L Q p /Z p = KT^, 7r*Lie(^(-Z))) [1] . 
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(7) Let L\ be the ith cohomology group of 

RT(C n ,ir* n Lie(A(-Z))) ® L Q P /Z P = RT(C n ,w*Lie(A(-Z)))[l] . 

By the Zariski base change formula (note that the cohomology of the finite lo- 
cally free module Lie(A)(—Z) is the same in the etale or Zariski site), we have 
isomorphisms 

and, for any n > 0, 

Li-L^WiK). 

In particular, since L l Q is a finite F^-vector space with rank d(L l Q ), we deduce that 

(p) 

L 1 ^ is a finite fcoo -vector space while L % n is a finite fc n -vector space, both with the 



same rank d(L l ). 
(8) Let 



:= ff' (Coo, tt*S d ® ® P /Z p ) 



be the ith cohomology group of 

M.T{C 00 ,7r*S D )® h Q p /Z p . 

(9) Let be the ith cohomology group of 

Rr(C n ,7r* n S D )® h Q p /Z p . 

The distinguished triangles (|10ip and (|102|) induce, by passing to the cohomology, the 
following long exact sequences: 

... >N^ ► M* ±^ ML. ► ... (105) 



-» Llo ► M{ iOC > ... (106) 



which are inductive limits of the long exact sequences 

1— <Pi, T , 



+ K ► M{ n ^> M^ n > ... (107) 

-+ Li > ML ML > ... (108) 



Note that the cohomology theories M and N are concentrated in degrees 0,1 and 2 and the 
cohomology theory L is concentrated in degrees and 1. 

In |KT03j . the following was proved (see [KT031 §3.3.3, §3.3.4 and §3.3.5]): 
Lemma 8.1.2. For k = 1 or 2, there exists a map 

f k : PUp- 1 }^ Ml t0 

satisfying the following conditions: 

(1) The kernel of is a Z p -lattice in Pq[^\ and the cokernel is a finite group. In 
particular, M\ and M\ are torsion Z p -modules with the same finite corank. 

(2) The diagrams 



P^} JfflJ] P^ p ] ^[|] 



and 



commute. 
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Lemma 8.1.3. Let M be a torsion r L p -module of cofinite type. Then the Pontryagin dual 
is a finitely generated A-module. Moreover, we have an isomorphism of 



A-modules 



s 



(M ® Zp W(k<£)) v c A r e A /(p*) . 



i=l 

Proof. Let denote the Pontryagin dual of M (&z p W(k^). Then is the limit of 
the projective system of Pontryagin duals X n := [M ®z p W(k n )^ V . Note that the functor 

M ~* (M ® %v W{k^)Y is exact. 

In the case M = Z/pZ, we have a projective system {X n = (k n ) v } n where the transition 
maps are the Pontryagin dual of the canonical inclusions k n '—t k n+ \. Let f2 := F[[T]] — 
F[[T]]. We have 

(X 0O ) r = X^/TX^ = ((£^)) r ) v ~ F . 
Now, by Nakayama's lemma, this implies that X^ is a cyclic ^-module and since Xao is 
infinite we have X^ ~ f2 = A jp A. 

If M = Z/p*Z, then X x = (Wj(k^)) v = Urn (WjCAvO) 7 =: Yj (where Wj denotes Witt 
vectors of length j) and we prove by the same argument that Yj is a cyclic Wj(F)[[r]]- 
module. In particular for each j we have a surjective map: 

W,-0F)[[T]]— >Yj. 

We prove by induction on j that lj is a free Wj (F)[[r]]-module. The case j = 1 was treated 
above. Now assume the assertion is true for j — 1 and consider the commutative diagram 
of short exact sequences: 

► Yj-! — Yj — Yi ► 

P 

o ► Wi-i(F)[[r]] ^-(F)[[r]] ► n ► o. 

The upper horizontal line is induced by the exact sequence Z/pZ Z/p^Z — » Z/p ?_1 Z. 
The vertical maps are constructed as follows: define first /3 as the map sending 1 to a 
generator x of the cyclic Wj(F)[[r]]-module Yj. Then € Ker(e) = Im(<5). Let w G Yj-i 
be such that px = S(w) and let y = e(x). Finally, define a to be the map sending 1 to w 
and 7 to be the map sending 1 to y. The map 7 is surjective because /3 and e are surjective. 
So 7 is an isomorphism since Y\ is infinite and the only proper quotients of f2 are finite. We 
deduce by the snake lemma that a is surjective and therefore, by the induction hypothesis, 
an isomorphism. This implies that (3 is also an isomorphism, by the 5-lemma. 

The case M = Q p /Z p is deduced from the case M = Z/p'Z by passing to the inductive 
limit in j and the general case follows from the cases M = Q p /Z p and M = Z/p-^Z. □ 

We deduce from Lemmas 18.1.31 and 18.1.21 

Corollary 8.1.4. 

(1) For any i > 0, (M{ QO ) v and [M\ are two A-modules of finite type with the same 
rank r% (equal to the Z p -rank of Pq) and torsion parts isomorphic to ffij =1 A jp n i A. 

(2) For any i, (LJ )0 ) V is a finitely generated torsion A-module isomorphic to ®j=° A /pA 

(3) Passing to the Pontryagin dual, the long exact sequences (|1U5|) and (|1U6|) induce 
long exact sequences of A-modules with A-linear operators. 
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Proof. The first assertion is a consequence of Lemmas 18.1.31 and 18.1.21 Assertion (2) is 
proved similarly to the case of Ml . For the third assertion, note that T is an abelian 
group and therefore any r G T commutes with Fr^. Hence, the operator 1— <p is A-linear. □ 

Next, we are going to prove that (iV^ ) v is a finitely generated torsion A- module for 
t = 0,...,2. 

Proposition 8.1.5. The A-modules (-/V^) v and (Coker(l — v?o,oo)) V ar e A-torsion. 

Proof. Reasoning as in |KT03t §2.5.2] (see (|117p below), one obtains that the module (N^)^ 
is a quotient of A(K$} ) [p°°] v . The latter is a finitely generated Z p -module (and so a torsion 
A-module), hence the claim for (A^) v is proven. As for (Coker(l — tpo : oo)) v , note that we 
have an exact sequence of A-modules 

0^ (C oker(l - ^ 0iOO ))V _> (M»jv ) (j^jv^ (A £)V _^ . 

Since (M{ ) 00 ) v and (M® oc ) v have the same A-rank, it implies that the A-rank of (Coker(l — 
<^o,oo)) v is equal to that of (N^)^ , which is zero. □ 

We now prove that (A r ^ c ) v is A-torsion. 
The exact sequence: 

► H^CCoo, tt*S d ) ®Q P A H^CCoo, vr*S D Q p /Z p ) 

A H^CCoo, vr*5 D ) Hj^CCoo, vr*5 D ) ® Q p — > . . . (109) 

induces a short exact sequence 

— ► Im(a) — > — > Im(/3) — ► 0. (110) 

By taking the Pontryagin dual of (jllQ|) . we have 

Im( /3 )V _^ (A ri o )V _^ Im(ct) v _^ 0> (m) 

where the modules and the morphisms are naturally defined over A. 

Lemma 8.1.6. Hg yn (Coo, tt*Sd) <g> Q p is a finite dimensional Q p -vector space. 

Proof. The long exact sequence 

► E^iC^Sn) ®Q p — ► H* rys (C#/W(A;W),7r*D (-Z)) ®Q P 

^ H* rys (C^/W(fcW),7r*I>(-Z)) ® Q p — ► ■ ■ ■ 

can be rewritten 

> Ri yn (C 00 ,7T*S D )^Q p — ► H^ rys (C#/^(A:W),^Z)(-Z)) 

^ ff crys (C#/W(^),7r*L>(-Z)) ® Qp — ^ • • • 

(because the difference between the middle terms in these sequences is L 1 ^, which, thanks 
to Lemma 18.1.41 (2) and (3), is known to be p-torsion). 

We deduce from this long exact sequence the following short exact sequence: 

— ► Coker(l - <p )^ H^C^, ir*S D ) ®Q P ^ Ker(l - c^) — > 0. 

Since H l crys (Cf /W{k { ^)^*D{-Z)) <g> Q p is a finite dimensional W^A^H^-vector space 
and (|103p holds, the assertion is implied by the following: 
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Lemma 8.1.7. Let V be a finite dimensional Q p -vector space endowed with a linear operator 

(p: V — > V. Then 1 — ip <g> Fr g : V (g>z ) — > V ®z W(k£$) is a surjective map whose 

kernel is a finite dimensional Q p -vector space. 

Proof. One can easily check that the proof of [EL97} Lemme 6.2] remains true if we replace 

□ 

□ 



F p by h$. 



Corollary 8.1.8. The group Im(a) v of (jllip is a free 7L p -module of finite rank. 

Proof. By (|105p . is a torsion Z p -module. Thus, Im(a) is a torsion Z p -module which is 
a quotient of Hg yn (Coo, tt*Sd) <8> Q p - We deduce from Lemma \8. 1.61 that Im(ct) is cofree of 
finite corank n < dimQ p (Hg yn (Coo, tt*Sd) <S> Qp). □ 

We now study the term Im(/3): 

Lemma 8.1.9. The group Im(/3) v of (|llip is a finitely generated torsion A-module. 

Proof. Note that (jlU9p yields an isomorphism Im(/3) ~ Ker(7). The kernel of the map 

7: R^C^Sd) — ► H^CUtt*^) ®Q p 

is Hg (Cocvr*^^))^ 00 ]. Recall that we have a short exact sequence: 



— ► Coker(l - ^ >0O ) — ► (CocTT^d) — > Ker(l - ip 2 , 00 ) — >• 0. 



*-synV 

By taking the p-power torsion part of this sequence, we have 

— > Coker(l - ^i.oo)!^ 00 ] — > Im(/3) — > Ker(l - ^ 2 , o)b° ] • (112) 
Taking Pontryagin duals, we have the following: 

Ker(l - ^ 2 ,oo)b °] V — > Im(/3) v — > Coker(l - pi.ooJbT — > 0, (113) 
where the modules and the morphisms are defined over A. By the sequence f j 1 1 3 j) . it is 
enough to show that Coker(l — yi,oo 

)[p°°] v and Ker(l 

— 9^2,00) [p°°] v are finitely generated 
torsion A-modules. But these two groups are both p-torsion subgroups of finitely generated 
W(/bco )-modules, so their Pontryagin duals are A-torsion by Lemma 18.1.31 □ 

Corollary 8.1.10. The groups 

(A^)\ (Ker(l - p ly00 )) v , (Coker(l - ^i i00 )) v , (Ker(l - ^ 2i00 )) v and (A^) v 

are A-torsion. In particular, X p (A/K^}) is A-torsion. 

Proof. The module (A^)^ 7 is A-torsion by Lemma 18.1.91 and Corollary 18.1.81 By (|105D . 
using the short exact sequence 

0^ Coker(l - ^_i i00 )— > ► Ker(l - p i|00 )— > (114) 

we find that (Ker(l — (fi t oo)) v is A-torsion. Then by using the exact sequence 

0^ Ker(l - (pi i00 )—> AfJ^— )• M| )0O — > Coker(l - y>i j0O )— >• 

we deduce that (Coker(l — yi i0 o)) v is A-torsion. Finally, by the exact sequence 

0^ Ker(l - ^ |00 )— > Af? i0O — ► M 2 2 )£X5 ^ 

we know that (Ker(l — (/?2,oo)) v is A-torsion. Hence, the short exact sequence 

0^ Coker(l - pi )00 )— > > Ker(l - p 2 ,oo)^ 
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tells us that (-/V ( ^ ) ) v is also A-torsion. For the last assertion, note that the surjections 
-» Sel p °o(A/K n ) proved in [KT031 §2.5.2] induce a surjection -» Sel p (A/K^) by 
passing to the inductive limit in n. But since (A r ^ C) ) v is A-torsion, the same assertion holds 
for X P {A/K& ] ). □ 



This completes the proof of Theorem 11.51 

8.2. The characteristic element. We denote Q(A) the field of fractions of A. As men- 
tioned in the introduction, in this section we find it more convenient to use characteristic 
elements rather than characteristic ideals. This is because we are going to take ratios of 
characteristic elements and we find it more suggestive to work with Q(A) X / A x rather than 
with the divisor group of A. So, for any finitely generated A-torsion module M, we let 
/m £ A be a characteristic element associated with M; Jm is defined uniquely up to A x . 
We set 

W != f £Q(A)*/A* (115) 

and call it the characteristic element associated with A/K relative to the arithmetic Z p - 
extension of K. 

8.2.1. Arithmetic interpretation. The characteristic element /,,~( P ) is related to the arith- 
metic invariants of A as follows. By considering the p-torsion part of the exact sequence 
in [KT031 §2.5.2] and using the fact that the functor "take the p-primary part" is exact in 
the category of finite abelian groups, we deduce an exact sequence: 

0^ Nq — > A(K)[p°°}^ (Q^zM^lp 00 ]^ Se\ p -(A/K)^ 0, (116) 

with A4 V := A(K V )/A(m v ), where O v and rrit, are ring of integers and maximal ideal of K v 
and 

A{m v ) := Kev(A(K v ) = A(O v )^ A(k(v))). 

Observe that, since we assumed that A/K has semistable reduction, we can take the group 
V v defined in |KT031 Proposition 5.13] to be equal to A(m v ). Since A/O v is smooth we 
have in fact M. v = A(k(v)). The finite group M. v is controlled by the short exact sequence: 

— >• Q v ^ M v ^ 0, 

where § v is the (finite) group of components, & v := (A/ A°)(k(v)), and 

Q v = A (O v )/(A(xa v )nA°(p v )) = A°(k(v)) 

by Hensel's lemma. Moreover, since A/K has semistable reduction at v, we have a short 
exact sequence: 

0— yT,,— ►.z^— ►(), 
where T v is a torus and B v an abelian variety over k(v). 

Since the Neron model functor is stable by etale base change, we also have for any n > 
an exact sequence: 

-> iV° -> A(K n )\p°°] -)■ (® we c n MvezM w )\p°°] -> Sel p ~(A/K n ) -> 0, 

which induces, by passing to the inductive limit in n, an exact sequence: 
-> A(KM)\p°°] ((Buea^MvezM^lp 00 } -> < S^A/Kg) -> (117) 
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and then, by passing to the Pontryagin dual, an exact sequence of finitely generated torsion 
A- modules. We set 

M n := {® w&Cn ,w\^zM w )[p co ] 

and Moo '■= lim.M n . By multiplicativity of characteristic elements associated with torsion 
A-modules, we have: 



(118) 



Let Ci: ■ ■ ■ > be the eigenvalues of the Galois actions of Fv g on T p A(Km)\p°°]- Then by 
[Tan 121 Proposition 2.3.5] we can write 

I 

V^]v=Il( 1 -Cr 1 Fr- 1 ). (119) 

8=1 

Lemma 8.2.1. Denote by g(v) the dimension of B v and let ^{ i-i^L ^ be the 
eigenvalues of the Frobenius endomorphism Fb v q v (notations of H6.2\) . Then 

29(f) 
vez i=i 



fMz, = U UwP-nz 1 )- ( 12 °) 



Proof. For v a place of K, let r„ C T denote the decomposition group at v and put 
A„ := Z p [[T„]]. Thus we get A = © (Tg r/r\, cr ■ For each v € Z, choose a wq £ Cqo sitting 
over v. Then 

Moo,, := M w \p°°}= aM W() [p°°} 
w&Cao,w\v o"gr/r„ 

and hence M \ }V = A <S>a v M Wo [p°°] v . In particular, the characteristic element fM^ v can 
be chosen to be that of A^ u , [p oo ] v over A„. Also, since <fr v is finite and T v is a torus, 
•Mu)ob°°] V i s pseudo-isomorphic to B v [p°°](ki^) v . For each u, we order the eigenvalues 
Pi so that p 1 - is a p-adic unit if and only if i < f(v) < g(v). 

Let Fr„ : x \-> x Qv denote the Frobenius substitution as an element of G&l(k(v) /k(v)) (and 
also, by abuse of notation, the corresponding element of Gal(k£, /k(v)) and of F v ). The 
product p^ • ... • /^j- 1 ^,) is a p-adic unit and rij>/(i>) W{ 1 ~ Fr^" 1 ) is a urn t i n A. We claim 

(v) (v) 

that /3) , are the eigenvalues of the action of Fr^ on the Tate module T p B v . Then 



by [Tanl21 Proposition 2.3.6] we can write 

/0) 2g(v) 
i=l i=l 

and (HH follows from / M v = ]\ v€Z /mv „ 

We have to prove the claim. Let p: End k ^(B v ) — > Fnd(T p B v ) denote the p-adic repre- 
sentation. Then for every / € Fndy v -\(B V ) the eigenvalues of p(f), counting multiplicities, 
are a portion of those of / (this can be seen e.g. mimicking the argument in the proof of 
\GM.\ Theorem 12.18], with Ker(/) replaced by its maximal etale subgroup). In particular, 

(v) 

we can rearrange the order of the p- s so that, for every positive integer N, the eigenvalues 
of p(F^J = Fr^ equal (fi[ v) ) N , Wh(l)) N for some h(v) < f(v). Let k(v) N denote the 
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degree N extension of k(y). Letting = p denote congruence modulo p-adic units, we have 

h(v) 2g(v) f(v) 

n(i - v>?Y) =p \B V \p°°m V ) N )\ =, n a - (4 u) ) jv ) % - c^V) > 

i=l i=l i=l 

where the second equality is from Weil's formula and the third is from the fact that 1 — 
{P; ) N is a p-adic unit if i > /(f). Taking TV such that = 1 mod p for all i < f(v), 

we deduce ft(v) = f(v). □ 

Write A# for the adelic ring. Let fi = {fi v ) v be the Haar measure on Lie(A)(Ajc) such 
that 

fi v (Lie(A)(O v )) := 1 

for every v and let a v denote the Haar measure on A{K V ) = A(O v ) such that for n > 1 

c^,(.4(m™)) :=//„(Lie(„4)(r<)). 
Then since \A(O v ) / A(m v )\ = \M V \ and Lie(A)(O v ) / Lie(A)(m v ) ~ (O^/m,,) 51 , we have 

a v (A(O v )) = \M v \-q-3. (121) 
By |KT03[ p. 552] we have the relation: 

\M \ • \L° \ • l^r 1 = fi(Lie(A)(A K )/Lie(A)(Kyr 1 ■ ]J a v {A{O v )) . (122) 

Thus, by (fl2"T]l and (fl22]l 

• (Ljr 1 = g-f dc s^) . ^(^(^(Ak)/^^)^))- 1 . (123) 
Next, we choose a a basis ei,...,e g of the JT-vector space Lie(A)(K) = Lie{A)(K). 

(e) 

Then for every v the exterior product e := e\ A • • • A e g determines the Haar measure /4? 
on Lie(A){K v ) that has measure 1 on the compact subset £(O v ) := O v e± + • • • + O v e g . 
Similarly, if we choose a a basis fx, f g of Lie(A)(O v ) over O v , then the exterior product 
fv '■= fiv A • • • A / SJJ actually determines the Haar measure fi v . Define the number 5 by 

so that the Haar measures fx and /i^ e ^ are related by p( e ) = q-^ . @ By a well-known 
computation (see e.g. |We744 VI, Corollary 1 of Theorem 1]) one finds 

H^(Lie(A)(A K )/Lie(A)(K)) = q^ K ~ l \ 

with k the genus of C/F, whence, by (TT23"]) and (fTHj) . 

|Lg| ■ iLjr 1 = q -9(**W+K-i)S. (125) 

Lemma 8.2.2. Under the above notation we can write 



-g(deg(Z)+ K -l)-5 



Proof. Since ~ L (8z p W(koo), the lemma follows from (|125p and Lemma l8.1.3l fas well 
as its proof). □ 



^If 3 = 1 and A denote the global discriminant, then <5 = dc ^ A - > (see e.g. [Tan95l eq. (9) 
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Finally, by |KT03l 2.5.3], we have for any n > an isomorphism: 

N 2 n ~ Sel Zp (^7K„) v , (126) 

where Selz p (.) := UmSel p ™(.) denotes the compact Selmer group as in [KT031 §2.3]. These 
isomorphisms induce, when passing to the inductive limit, an isomorphism 

{NlY ~ SeL^/Kg) := limSel^/^) . (127) 

n 

Let T p (A{K { Z ] )) := lim A(K^ )[p m ] denote the Tate-module of A(K^). 
Proposition 8.2.3. If A p oo {K^} ) is a finite group, then = 0. In general, we can write 

/(W = f Tp{AHK (p) )y 

Proof. For simplicity denote D n := A t (K n )[p°°]. Also, write V n := jim^ Sel p oo(A t /K n )\p m \. 
Since Se\ p cx>{A t /K n ) is cofinitely generated over 7L p , actually 

V r n = ^mSe] p =o(A*/iifn)«» B b m ]- 

m 

For each m we have the exact sequence 

D n /p m D n SeV^/JQ Sel p oc(AV^ n )[p m ] , 

which induces, by taking m —¥ oo, the exact sequence 

L>„ Sel Zp (AVX n ) V n . 

Since Sel p °° (-A*/L) is cotorsion over A, the divisible subgroup SeLij„(A*/L) defined in ^5.11 
must be cofinitely generated over Z p . Thus, for n sufficiently large the restriction map 
Selpoo (A 1, / K n ) div — > Seldi V (A t / L) is surjective. By Lemma [572721 the kernel of this map is 
finite. It follows that if n is sufficiently large then the restriction map Sel p co (A* /K n )di v — > 
di v is an isomorphism for every r > n, and hence V r can be identified with 
V n . This implies hm^ V n = as the map V r — s> V n becomes multiplication by p r ~ n on V r 
for sufficiently large r, n. Hence, (|127p and the above exact sequence yield 

(iO v = HmSel Zp (AV^n) = X^A\K n )\p™\. 

n n 

This proves the first assertion, while the second follows from |Tanl21 Proposition 2.3.5]. □ 

Remark 8.2.4. An alternative proof of the first assertion of Proposition 18.2.31 can be 
obtained following the same argument used in the proof of [P871 Lemma 5]. Also, as we 
already mentioned in Remark 15.2.41 the condition that A p oo(K£?) is a finite group is often 
satisfied. 

Since A and A t are isogenous, the Galois actions of Fr,j on both T P {A{K^})) and 
TpiA^K^)) have the same eigenvalues. Then, by |Tanl2} Proposition 2.3.5] again, we 
can write 

I 

/r p (A«(jfW))=IK 1 -<r 1 ^)- (128) 

i=i 
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8.2.2. The value of*A,L- Summarizing the above, we can make more precise the statement 
of Theorcm ll.il Recall that, in the notation of our Introduction, c . ( p ) = / . . / „Cp)^ • 

Proposition 8.2.5. Let notation be as above. Then we can write 



with 

q - g ^Z) +K -i)-S . U n^(gg - Fr" 1 ) 

AK - nUa-c-^r^a-c^Fr- 1 ) 

9. The semistable case 

In this section we give a geometric analogue of the Iwasawa Main Conjecture of abelian 
varieties with semistable reduction. We keep the notations and the hypotheses of Section 

El 

9.1. Interpolation and the Main Conjecture. 

9.1.1. The modules P^. Let Q Pjn denote the fraction field of W(k n ) and Q Pj0 o := U n Q Pin . 
Lemma 9.1.1. For any i, the map 



{l®W(k£)f 



Pi ' LP 
is an isomorphism induced by the identity on (Pq[^\ <S>q> p Q p , 



) V 



l.OO 



Proof. The first assertion follows from the exact sequence (|106p and from Corollary 18.1.41 
(2). To show that the map is induced by the identity on (-Pq[|] ®q p Q p ,oo) v , note that, by 
Lemma 18.1.21 (1), for all n and for k = 1, 2 there exist some exact sequences: 

-> B l ® Zp W(k n ) -4 P^p" 1 ] ® Qp Q p , n -4 M l kfi ® Zp W(k n ) -4 c l ® Zp W(k n ) -4 

where is a lattice of Pq[-] and Cq a finite abelian p-group. 

Passing to the inductive limit in n, then to the Pontryagin dual, and finally by inverting 
p, we obtain an exact sequence: 

0^ (Mt^rip' 1 }^ (P^lp- 1 ] ® Qp Q P ,oo) V ^ Qi^^lp- 1 ]— > 0, (129) 

n 

since ( lirri Cq (g>z p W(&n)) V is p-torsion (actually, by Lemma [8.1.31 it is a finite direct sum of 
(Z/p^Z)[[r]]). In particular, (M* i0O ) v [|] is a submodule of (i*[±] ® Qp Q Pj00 ) v for fc = 1,2 

and the map (1 <g> W(k { Z ] )) v [±] is compatible with the identity on (fg[±] ® Qp Q Pi00 ) v by 
Lemma [8X2 (2). □ 

As a consequence of the previous lemma, we denote P^ the module [M\ oo^^], endowed 

with the operator $ 4 := (l®iy(^ ) )) v [i]) _1 o ((^ i0 (g,Fr g ) v [i]). First, we define the p-adic 
L- function. 
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9.1.2. The p-adic L-function. By Corollary 18. 1.41 (1), we know that the P^'s are free A[^]- 
modules of finite rank. We set 

2 

and call it the p-adic L-function associated with A/K relative to the arithmetic Z p -extension 
oiK. 

Lemma 9.1.2. Let E be a finite extension of Q p and uj: Y — > E x an Artin character 
factoring through Tjy. Then we have 




where m u (Yr q ) E —> E is the multiplication by cj(Pt 9 ). 
Proof. We have for any i, 

w(det A[ i](id - $i, P^)) = det E (id - $; ® id E , P^ ® A[ i] E). 

(where, as usual, E is a A[-]-module via a;). 
Since oj factors through T^v, we have 

= ( p L)r(N) ®Q P [r N ] E 

= {{Ml, ® W(A;W)) r(JV) ) v [p" 1 ] ® Qp[rjv] E 

= (Mi ®W(k N )) v \p- 1 ]® Qp[ r N] E 

where the last equality is a consequence of Lemma 18.1.21 An operator and its dual share 
the same determinant: hence we are reduced to compute det#((i<i — p~ l Fi$ ® Fr g ) ® id E ) 
on ®q p Q Pi at ®Q p [r JV ] • By the normal basis theorem Q PiA r ®Q p [r JV ] E endowed with 
its S-endomorphism Fr q ®id E is isomorphic to E endowed with the endomorphism m^pr ) 
and so the assertion is clear. □ 

9.1.3. Twisted Hasse-Weil L-function. Let uj: V — > Eq be any character factoring through 
r^v, with Eq some totally ramified finite extension of Q Pi o endowed with a Frobenius oper- 
ator a which acts trivially on Q Pi o and on uj(T). Then we can see uj as a one-dimensional 
.Bo-representation of the fundamental group of U, having finite local monodromy. By |Ts98|, 
Theorem 7.2.3] this representation corresponds to a unique constant unit-root overconver- 
gent isocrystal U(ujy over ¥ /Eq endowed with m UJ (Fr q ) as Frobenius operator. Let 

pr\: F a -iso\U /¥ /Q pfi )^ F a -iso\U /¥ / E ) 

and 

pr* 2 : F a -iso^¥/E )^ F a -iso' (U /¥ /E ), 

denote the two restriction functors in the categories of overconvergent isocrystals endowed 
with Frobenius. From I< € F a -iso^ (U/ ¥ /Q p fi) we obtain the i ?a -isocrystal pr*P ®pr 2 U (uj)^ 
endowed with the natural Frobenius induced by the Frobenius on I' and the one on U(uj)^ . 
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Definition 9.1.3. Let jt e F a -zso T ([// F /Q P)0 ). T/ien we se£ 

L(U,rf,u,t) := L{U,pr1I^ ® pr* 2 U (uj)\t) 

where the right hand term is the classical L- function associated with the F a -isocrystal 
pr*V <S> pr 2 U (lo)^ , as defined in |EL93j . We call the function L(U, V ,u,t) the co-twisted 
L -function of P. 

Recall ( |EL93l Theoreme 6.3]) that this is a rational function in the variable t and we 
have 

2 

L(U, /t, u, t) = H det(l - tipuBUg^U/Eo,^ ® pr* 2 U (cu)^)^ l+1 . 
i=0 

9.1.4. Interpolation. Recall ( |KT03t IV]) that D, the log Dieudonne crystal associated 
with our semistable abelian variety A/K, induces an overconvergent i ?a -isocrystal over 
} p o and that we have a canonical isomorphism: 



n[p- l ]^W ng ^U/Q pfi ,rf) (130) 

compatible with the Frobenius operators. 
Moreover, we have, by [KT031 3.2.2], 

L(U,D\q- s ) = L z (A,s), 

where Lz(A, s) is the Hasse-Weil L- function of A without Euler factors outside U, as in 
§7.31 In fact, more generally, one can show that for any character co: T — > C x we have 

L(U,D\co,q~ s ) = Lz{A,co,s), (131) 

since the Euler factors on both sides can be written as rLef/^ ~ 0J ([ v ]) £ i,vQ~ s ) ^ where the 
e^'s are the eigenvalues of the arithmetic Frobenius at v acting on T^{A) (or, equivalently, 
of the geometric Frobenius acting on the fibre at v of D<). These eigenvalues don't depend 
on £, as results of |KM| (for the details see e.g. the proof of |Tr021 Corollaire 1.4], where 
this independence is used to deduce the equality of different definitions of L- functions). 
The Kiinneth formula for rigid cohomology (formula (1.2.4.1) in |Kc06aJ) implies: 

Lemma 9.1.4. Let co: T — > Eq be as in Q9.1.3X There is an isomorphism of E^-vector 
spaces compatible with Frobenius operators: 

RU g ,c(U/E ,prlD^®pr* 2 U(uj^) ~ H^ fl)C (£//Q p>0 , £>*) ® Eq. 

Together with Lemma f9.1.2| ()130p and f)131 1) . this immediately yields the following analogue 
of (IMC2): 

Theorem 9.1.5. For any Artin character co: V — > Q* , we have 

u(£ A/K g) = L z (A,u,l). (132) 

Remark 9.1.6. In order to discuss co(C . one needs to know that the denominator of 

C . (p) is not killed by co. Actually, we are going to see (formula (j!39|) below) that C . ( P ) 

is an alternating product of terms 1 — a™ Fr q . By |Ke06bl Theorem 5.4.1], the coefficients 
aij are Weil numbers of weight respectively —1 (for i = 0) and 1 (for i = 2): in particular 
their complex absolute values do not include 1. Hence the left-hand side of (|132p is well 
defined. 
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9.1.5. The Main Conjecture. Finally, we prove the analogue of (IMC3) in this setting. 

Proof of Theorem 11.61 For any morphism g: M —^No£ A-modules whose kernel and 
cokernel are both torsion A-modules, we denote by char(g) the element 

/coker( 9 ) " f^g) G QW* / A>< ■ 

Dualizing the exact sequence fjl 14j) we get 

0^ (Ker(l - ^,oo)) V ^ (^) V ^ (Coker(l - ^_ lj00 )) v ^ 
which, remembering that Ker(/i v ) = (Coker(/i)) v , implies 

/(JV*J V = /cokcr((l-^, 00 ) v )/Kcr((l- ¥3i _ 1 , 00 ) v ) • 

Similarly, (|106|) yields /(i| o )v = /cokcr(i v )/Kcr(i v )■ Replacing in (|115p . we obtain 

, /coker((l-yi, 00 ) v )/Ker((l- W , 00 ) v ) /coker(iy) 

A/K x /coker((l- V0 ,a O ) v )/Coker((l- V2iOO )V)/Ker((l- V i,o O ) v ) /coker(iy)/Ker(l^) 

Since Ker((l — i/?i j0 o) v ) and Coker((l — 9?j j0 o) v ) are A-torsion modules by Proposition l8.1.5l 
and Corollary 18. 1.10( this can be rewritten as 

= char({l - V9i,oo) v ) • charjlXY 1 

JA/K& ~ C har({l - <A),oo) v ) • char^)- 1 • char{(l - ^ 2 ,oc) v ) • char^)- 1 

On the other hand, C A!T s(p) i s defined as an alternating product of determinants of 

id - *i = (l/)- 1 o (i v - ^ . 

Thus Theorem 1 1 . 61 becomes an immediate consequence of the following lemma (whose proof 
is an easy exercise which we omit): 

Lemma 9.1.7. Let g,h: M — > N be two homomorphisms of finitely generated A-modules 
with torsion kernel and cokernel: then 

det Q(A)(5Q(A)^Q( A )) = char{g)char{h)~ 1 . 

□ 

9.2. Euler characteristic. After identifying A with Z p [[T]], the characteristic element of 
M can be written f M (T) = T r f(T), with f(T) G Z p [[T]] such that T does not divide f(T). 
We call r the order of Jm and /(0) the leading term of fu (note that /(0) is defined up 
to Zp , since the choice of a different isomorphism A ~ Z P [[T]] changes T by a unit in A). 
In the following, we are going to compute order and leading term of C . , ( p ) and compare 

them with those of the classical L-function. 

9.2.1. Generalized Euler characteristic. We recall the definition of the generalized T-Euler 
characteristic. Let M be a finitely generated torsion A-module and let gu : M r — > Mr 
denote the composed map M r ^ M — > Mr, where the first map is the canonical inclusion 
and the second map the canonical projection. Then we say that M has finite generalized 
T-Euler characteristic, denoted char(T, M), if Ker(<7Af) and Coker(gA/) are finite groups 
and in this case we set 

h fr |Coker(3 M )| 
C/iar(F ' M) " |Ker( gM )| ' 
By the identifications (M v ) r = (M r ) v and (M v ) r = (M r ) v , we see that g M v is the dual 
of gM and hence 

char(T, M v ) = char(T, M) _1 (133) 
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if one of them is denned. 

9.2.2. Twisted Euler characteristic. Let to : T O x be an Artin character, with O the ring 
of integers of some finite extension of Q p , and M be a finitely generated torsion A-module. 
Let to* : Ao — > Ao, 7 >-> w(7) _1 7 be the automorphism defined in ^2.1.1f H2). let 0(ui) be 
the module defined in ^2.31 and denote Mq{oj) := ®z p M. Then Mq(w) has again a 
structure of finitely generated torsion A-module. 

Assuming that Mq(uj) has finite generalized T-Euler characteristic, we denote <£oj(/m) 
the leading term of /m (^) an d ord^ifM) the order of /m (^)- We have the following result 
(compare [Zer09l Lemma 2.11] and also |BV061 Prop. 3.19]): 

Lemma 9.2.1. Let M be a finitely generated torsion A-module with characteristic element 
fu € A / A x and let to:T -)• O x 6e a character. Let d ■= [O : Z p ]. Then 

rank Zp (M (w) r ) = rank Zp (M (w) r ) < or<i w (f M ) = ord(uj*(f M )) , 

with equality if and only if Mq{uj) has finite generalized T- characteristic and in this case 
we have 

char(T,M (io)) = |A,(/m)|~ d ° = \u*(f M )(0)\p d ° ■ 

Proof. By Lemma ELU if M ~ A a / f A a then M {oo) ~ A /io*(f)A - It is an easy 
exercise to check that if M and N are pseudo- isomorphic A£>-modules, then they have 
the same Euler characteristic (for a hint, see |CSS031 Lemma 3.5]). Besides, the Euler 
characteristic is multiplicative: hence we are reduced to compute it for the case M = 
Ao If Ao, with / a power of some prime £ G Ao ~ C?[[T]], and in the rest of the proof we 
will assume we are in this situation. Then if / = T the map gu is the identity, while if 
f = T l for some i > 1 we have gu = and M r ~ O ~ Mr. Finally, if / is coprime with T 
we get M r = and 

Mr~A o /(/,T)~0//(O)<9. 
Now just remember that, by basic number theory, \0/xO\ = \x\~ d ° for any ifO, □ 

Lemma 9.2.2. Let to: T — > O x and do be as in the previous lemma. Then, for j = 0, 1, 
we have 

char (r,(Z4)») = p*>« 

and 

rank Zp (((^ 00 ) v (a;)) r ) =0. 

Proof. By Corollary 18.1.41 (2), for j = 0, 1, (L^) v is a finite direct sum of copies of A/pA 
and therefore (L^) v (o;) is a finite direct sum of copies of Ao /pAo and the assertion is 
clear. □ 

We deduce now from Lemma I9.2.1| Lemma 19.2.21 Theorem 11.61 and (j!25|) the following 
result: 

Theorem 9.2.3. Let to: T — > O x be a character. Assume that, for i = 0,1,2, the A- 
modules (A r c ^ ) ) v (a;) have finite generalized T-Euler characteristic. Then 

2 

ord w {C A/RA£) ) = ^(-ir +1 rank Zp ((A^)») r 
i=0 

and 

\£^ A/K ^)\p d ° = q ~ do{5+ ^ Z)+ ^ l)) \{char (r, . 
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If uj is the trivial character, we can obtain more precise results. We consider first the 
problem of finiteness of the generalized T-Euler characteristic. 

9.2.3. Hochs child- Serre spectral sequence. Since T has cohomological dimension one, the 
natural Hochschild-Serre spectral sequence 

ff(r,iV^)^iV^ (134) 

induces ( |Mil80l Appendix B]) the following two exact sequences, 

0^ (Or— ► ^ ^ (Nlf^ (135) 

and 

0^ «) r -4 (Nlf^ 0. (136) 

Lemma 9.2.4. The groups {N^)r and (N^ Q ) r are finite for i = and i = 2. In particular, 
we have 

rank Zp (iV 1 ) v = rank Zp («) v ) r = mnk Zp (X p (A/ K)). (137) 

Proof. Recall that invariants and coinvariants of a A-module have the same rank. For % = 0, 
observe that we have, by (|117p . 

rank ((^) v ) r = rank {(N^) r ) V < rank (A p oo(K^f) V = rank (A(K)[ P °°}) V = . 

From ()117p we get the exact sequence 

0^ X P (A/K<$)^> «) v ^ ^ocb°°] V 
Keeping the notations of £ 18.2.11 we have 

rank Zp ((-Moo) v ) r = rank Zp ( ® w \ v (B w (k( W ))\p°°] v ) r ) = 

where the first equality results from the facts that & w is a finite group and (T w )\p°°] is 
trivial. Therefore we have 

rank Zp {(N^) V ) T = rank Zp X p (A/K^f = rank Zp X P (A/K) , 

where the last equality is a consequence of the control theorem [TanlOl Theorem 4]. This 
yields (j!37|) . On the other hand, for the group (N^ Q ) r , we have 

rank Zp (7V 2 ) v = rank Zp SeL^/K) , 

by (|127p . Comparing (f32j) with the Pontryagin dual of the exact sequence ([32]) , we get 

rank Zp Seh^A'/K) = rank^(K) + rank Zp ni p00 (^ / 'K) v = rank Zp X^/K), 

In particular, 

rank Zp (7V 2 ) v = rank Zp X P (A*/K) = rank Zp X p (A/K) , 

where the second equality results from the existence of an isogeny between A and A 1 . Hence, 
from the short exact sequence (j!36|) we deduce rank z ((iV ( 2 ) r ) v = 0. □ 

Let r £ H^ t (Fp,Z p ) = Hom cont (Gal(F p /F p ), Z p ) be the element which sends the arith- 
metic Frobenius to 1. By |KT031 Lemma 6.9] the composed map 

U' : Nq > Mjo A M^o— > iV 2 

coincides up to sign with rU, the cup product by the image of r in Rl(X,Z p ). Using 
|Mil86bl Proposition 6.5], we can prove the following result. 
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Lemma 9.2.5. The composed map 

coincides (up to the sign) with the map 

rU = U': iVo 1 — ^iV 2 . 

9.2.4. The height pairing. Recall the Neron-Tate height pairing (|33p of i l4.ll Let ei,...e r 
be elements of A(K) which form a Z-basis of A{K) / A{K)t or and let e\, ...,e* be elements 
of A\K) which form a Z-basis of A l (K)/ A^K)^. Then 

Disc(h A/K ) := \det(h A/K (e i ,e* j ) i> j)\ G R 

is independent of the choices of basis and we call it the discriminant of the height pairing. 
It is known that Disc(h A /x) 0- We write 

Disc(h A/K ) = log(p)- r Disc(h A/K ), 

with r = xwk{A{K)). 

Consider the quotient category (ab)/(fab), where {ah) is the category of abelian groups 
and (fab) the category of finite abelian groups. Let 6 be the composed map in (ab)/(fab) 
defined by: 

A(K)®Q P /Z P -2L_> iVi^>(iVi) r (iVi)r 



(138) 



Hom(A*(iO/4oo(iO,Q p /Z p ) ^— Hom(^(K),Q p /Z p ) AT 2 
where: 

(1) the map a: A(K) (g) Q p /Z p — )• TVq is the canonical morphism in (ab)/(fab) coming 
from A(K) ® Q p /Z p -)■ Sel^A/if), by (fTTBl : 

(2) the map ii : iV 2 -»■ Hom(A*(iir),Qp/Zp) is the map constructed by using the isomor- 
phism (fT2"6j) and the natural map A t (K) ® Z p -> Sel Zp (A*/^); 

(3) the map i> is induced by the quotient map (which is an isomorphism, since we are 
in the quotient category (ah) /(fab)). 

Thanks to Lemma 19.2.51 and [KT031 3.3.6.2 and §6.8], 9 coincides (up to sign) with the 
map induced by h A /x in (ab)/(fab). In particular, since the Neron-Tate height pairing is 
non-degenerate, 8 is a quasi-isomorphism (i.e., an isomorphism in the quotient category). 

9.2.5. Computation of the Euler characteristic. If / is a quasi-isomorphism of abelian 
groups, we denote char(f) := | Ker(/)|/| Coker(/)|. Since this characteristic is multiplica- 
tive, (|138p gives 

char(a) ■ char((3) ■ char(g N i^) ■ char(j) ■ char(u) ■ char(v)~ l = char(9) = p Disc(h A /x) 

where = p means "= mod Z* ". If we assume that A/K has semistable reduction and the 
Tate-Shafarevich group of A/K is finite, then we have: 

char(a) = 

by (HTSD; 

char(v) = p ^^(K)^ 1 
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because v : Horn (A l {K) /A px (K),Q P /Z P ) Hom(A'(i^), Q p /Z p ) is injective with cokernel 
A p oo (K)^ ; 

cfcarGS) = |«) r | 

and 

cw( 7 ) = i(iv^) r r i , 

by ()135p and (|136p . using Lemma 19.2.41 and char(u) = 1 since the Tate-Shafarevich group 
is assumed to be finite. 

Theorem 9.2.6. Assume that A/K has semistable reduction and the Tate-Shafarevich 
group of A/K is finite. Then we have 



and 



ordx{C A . K <p)) = i&nkz(A(K)) = ord s=1 L z (A, s) 



\ £ i(^a/^)\p 1 =p °bsd ■ K-ZV^Jrl 



where cbsd is the leading coefficient at s = 1 of Lz(A,s). 

Proof. By Lemma 19.2.41 (A^) v and (N^)^ have finite generalized T-characteristic. For 
(-^oo) V > remark that under our assumption a, (3 and v are quasi-isomorphisms while u 
and 7 are isomorphisms. Therefore, the map g^i is a quasi-isomorphism and so is its 
Pontryagin dual, g(N^) v ■ By Theorem 19.2.31 and Lemma 19.2.41 we have 

ord 1 (C A/K (p ) ) = rank Zp X p {A/K) = rank z ^(K) , 

since we have assumed that the Tate-Shafarevich group of A/K is finite. The last equality 
rank^ A(K) = ord s= iLz(A, s) follows from the main theorem of |KT03| . The same theorem 
also proves that if a v and \i v are the Haar measure defined in £ 18.2.14 then 

\UI(A/K)\ ■ Disc(h A/K ) . ^ 

CBSD = \ A(K\ Utlk T • KLieiAXA^/LieiAXK))- 1 • ]J MA(K V )) . 
\A{K) tor \ ■ lA^KJtor] 

Replacing the values above and applying (|122p and (|125p one gets 

= - g{deg ( Z)+K -i)-s \( N !L)r\ ■ char(g N iJ 
c bsd p Q ■ ^ . |( ^ )r| • 

On the other hand, by Theorem 19.2.31 

1/ (r = «-s(deg(^)+«-l)-5 char(T, (A r c ! ) v ) 

1 U '"A/Kg Hp q ' char(T,{N^)char(T,(Niy) 

and so the result follows remembering (|133j) and observing that if the A-module M r has 
finite cardinality then char(T,M) = \M V \/\M V \ (note also that (N^) r = Nfj). □ 

Without assuming the finiteness of the Tate-Shafarevich group, we have: 

Theorem 9.2.7. 

ordi(C A . K (p)) = ord s= i(L(A,s)) > rank Zp X P {A/K). 

Proof. The last inequality has been proved in [KT031 §3.5]. We show that the analytic 
rank is equal to the rank of our p-adic L function C .. ( P ). First, note that the operator 

((/9j j o®Fr g ) v on P^ is induced by the operator (p' 1 Fi fi®Fr q ) y on (Pq[^]®Q p ,oo) v ■ Moreover, 
using (|129p . we observe that we have an injection of Q P [[T]] -modules 

PL ® A[ i] W}} ^ (nip" 1 } ® Q P ,oo) v * ® P [[r]p 
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with ri := dimQ p (Po[^]) and where the operator (p -1 .Ft,o <8> F r <?) v on the left-hand side 
corresponds to the operator Fr^ -p~ l Fio on the right-hand side (as shown in Lemma [9.1. ip . 
Also, Lemma 18.1.31 shows that P^ is a free A[|]-module of rank equal to the Z p -corank of 
Mgo, which, by Lemma f8. 1.2 1 is precisely rj. Hence, the p-adic L-function C .. ( P ) can be 
written 

2 2 r< 

ndetQ p[[r] ] (id-nr ff -p- 1 F i , ,i^®Qp[[r]]) ( - 1) * + =H(Y[(l- aij Fr q ))^ i+ \ (139) 

i=0 i=0 j=l 

where the a^'s are the eigenvalues (in Q p ) ofp~ F^q. In particular, ordi(T\^* =1 (l — a^j Fr g )) 
is the number of ojjj equal to 1 (note that 1 — AFr g has order if A 7^ 1 and order 1 else), 
that is, the multiplicity of the eigenvalue 1 of the operator p~ l Fi^ and the assertion follows 
from [KT031 3.5.2]. □ 

9.3. Comparison with the constant ordinary case. Now we assume that A/K is 
a constant abelian variety and compare the Main Conjecture of Part (i.e., Theorem 
II. 6|) with the Main Conjecture of Part (that is, Theorem ll.3|) . Let A/F be such that 
A = A xp Spec K and A = A xp C. 

We have Z = 0. Thus, (|97p and Theorem 19.1.51 imply that for all characters of T 



Therefore, 



U ^ C A/K^ ) = L ( A 1) = u (£a/k£> ' 



C a/k£- C a/k£- ( 14 °) 



Theorem 9.3.1. Let A/K be a constant ordinary abelian variety. Then Theorem 11.31 is 
equivalent to Theorem 11.61 



Proof. First, by O and (fT30j) 

9 9 

Vl p) ,0 = ^ Fl ^~ 2K) (IT ^ ( IK 1 - W - ^ V)) • • 

i=l i=l 

Note that Fr^ 2 2 ^ and F| a 2 ~ 2K are units in A. Thus, it is sufficient to show that 

*aj& = q ~ 9{K ~ 1] ■ (ft 1 - "i 1 W - or 1 Erjr 1 ))" 1 - 

t=l 

On the other hand Proposition 18.2.51 yields 

V« = «" S(K_1) • (fl( 1 - c^xi - cr 1 ^ 1 )) -1 
i=i 

as we have Z = and 5 = because we can choose ei,...,e g to be a basis of Lie(A)(¥) 
so that /„ can be taken to be e. Besides {Ci>--->0} C {«i, a g } , since they are the 
eigenvalues of the Galois action respectively on T p A(K^)\p°°] and T p A. Let f and H as 
in (|76|) . The maps Fr g 1-4 a» determine homomorphisms of Y onto some group of p-adic 

units and the equality T p A{K^)\p°°] = (T p A) H yields that the image of H is non-trivial 
for i > I. Hence i > I implies 014 ^ 1 mod p and thus (1 — «j Fr^ 1 ) € A x . □ 
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10. IWASAWA THEORY FOR GENERAL COEFFICIENTS AND OPEN QUESTIONS 

Let D be a log Dieudonne crystal over C*/W(F) and define the cohomology groups 
N D oo> l d oo and P h oo similarly to those in 38X11 and SgXTJ Let be the overconvergent 
F isocrystal over U associated with D (remember that U is the dense open subset of C 
where the log structure is trivial). 

We can prove (exactly as in Subsection 18. lj) the following: 

Theorem 10.0.2. Assume that (iV^ j00 ) v is A-torsion. Then, (N D>OQ ) y (i = 0,1,2) and 
(Lpjj qo ) v (j = 0,1) are finitely generated torsion A-modules. 

Hence, if (iVp oc ) v is A-torsion (for example, this happens when Np is a finite group), 
we define 

Vy%J- gQ(A) x /A x 

J(N° ) V J(N% ) v /(L 1 n ) v 

and call it the characteristic element associated with D relative to the arithmetic Z p - 
extension of K. 



10.0.1. Iwasawa main conjecture for log Dieudonne crystals. As in Section [9l the element 

2 

Cd :=l[det A[1] {id-$ u Pb i00 ) { - iy 
i=o P 

is well defined and we call it the p-adic L-function associated with D relative to the arith- 
metic Zp-extension of K. 

We get as in Theorems MJM ESI and 

Theorem 10.0.3. For any Artin character uj: T — > and for any log Dieudonne crystal 
D, 

u(C D )=L(U,D*,u,l). 

Theorem 10.0.4. Let D be a log Dieudonne crystal over C#/W(¥) and assume that 
(Njj oc ) v is A-torsion. We have the following equality in Q(A) X / A x : 

£d = Id 

Theorem 10.0.5. Let oj: T — > O x be a character. Let D be a log Dieudonne crystal over 
C*/W{¥) and assume that (N^ oc ) v is A-torsion. Assume furthermore that, for i = 0,1, 2, 
the A-modules {N l D ) v ' (oo) have finite generalized V -characteristic. Then 

ord w (C D ) = f>l)* +1 mnfc Zp ({(N D>00 )" '(u)) T ) 

i=0 

and 

i=0 
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10.0.2. Finiteness of the crystalline cohomology in a ramified tower? If L/K is a Z p - 

extension different from K^, , then it will be ramified at some places (and possibly even at 
infinitely many). The method above does not work any more because the modules over L 
are not obtained by base extension. It might be interesting to prove analogues of (IMC2) 
and (IMC3) in the following cases: 

(1) Assume that A/K has at worst semistable reduction. Consider a Z p -extension L/K 
such that X p (A/L) is A-torsion. The A-modules (LJ )0 ) V and (A^) v are also A- 
torsion using ^8. 2. H and Lemma 19.2.41 Therefore, under these assumptions, we can 
define Ja/l as m (|H5p . The problem is to define the p-adic L-function. 

Question: is (M^ ) v a finitely generated A-raodule of finite type? 

If the answer to this question is yes, then the p-adic L-function as defined before is 
well-defined and Theorem 11.61 holds. 

(2) For a non-isotrivial elliptic curve E/K with ordinary generic fibre, we know that 
the supersingular locus is a finite set of points T, ss (this is not true in general for 
an abelian variety). Let 'Sbad denote the finite set of places of C where E has bad 
reduction, S ram denote the places of K ramifying in L and £ := S ss U U T, ram . 
We assume that 

X-ram is finite and S ram n E M = 0. Put U := C - S. Then 
if D{E) denotes the (overconvergent) covariant Dieudonne crystal associated with 
the Neron model of E over U, we have (see |Crw92] ) a short exact sequence of 
Dieudonne crystals 

— ► M*(l) — ► D(E) — > M — > 0, 

where M is a unit-root i^-isocrystal (not necessarily with finite monodromy) and 
M*(l) is the dual Dieudonne crystal. The geometric Iwasawa Main Conjecture for 
E/K relative to the Z p -extension L/K should reduce in this case to the conjecture 
for M and M*(l). 

Appendix A. An example of non-cotorsion Selmer group 

In this appendix we provide an example where X p (A/L) is a non-torsion A-module, with 
K a global field of characteristic p > and L/K a Z p -extension. The case p = 2 is allowed. 

Let k C K be a subfield such that K/k is a separable quadratic extension with Qal(K/k) = 
{1,t}. We say that an abelian extension M/K is anticyclotomic with respect to k if M/k 
is Galois and Gal(M//c) is dihedral: that is, we have a decomposition 

Gal(M/fc) ~ Ga\(M/K) x Ga\{K/k) 

so that for any a € G&l(M/K) we have to~t~ 1 = o~~ l (where r is abusively identified with 
its lift to Gal(M//c)). 

In this appendix we specialize A to be a non-isotrivial semistable elliptic curve of an- 
alytic rank with split multiplicative reduction at a place vq of K and take as L/K a 
Zp-extension, totally ramified above Vq, unramified elsewhere and anticyclotomic with re- 
spect to k (class field theory provides plenty of such L). Furthermore, A is assumed to be 
already defined over k and to have split multiplicative reduction at the restriction of i>o to 
k. We are going to show that under these conditions X p (A/L) cannot be a torsion A-module. 
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In the following, with a slight abuse of notation we shall often use the same symbol to 
denote places in different fields: e.g., L Vo will be the completion of L at the only place above 
vo. Also, for v a place of K put T v := G&1(L V /K V ). Since r„ can be identified with T, we 
won't distinguish between the two. 



A. 0.3. By [Ta66] (and |Mil75] for the p-part of III - see also the comments on Milne's 



webpage http://www.jmilne.org/math/articles/index.html for p = 2) it is known that an- 



alytic rank implies that the full Birch and Swinnerton-Dyer conjecture holds for A/K. 
Therefore the groups A(K), HI(A/K) and Sel p °° (A/K) are all finite. 

Since A has split multiplicative reduction at vq, it is a Tate curve on the completion K VQ : 
we denote the local Tate period by Q. 

Remark A. 0.6. We claim that At or {K) = At or (L). To see it, first notice that the constant 
field does not grow in L VQ j K V(i , since it is a totally ramified extension. Besides, if a root 
Q l / n of Q is not already in K Vo then it cannot belong to L Vo , either because then Q l / n is 
not separable over K Vo (for n a power of p) or because L/K is a p-extension (for (p, n) = 1). 
The explicit description of the torsion points of A(L Vo ) in terms of roots of unity and of Q 
then implies A tor (K Vo ) = A tor (L Vo ). To conclude, it suffices to observe that L n K VQ = K, 
exploiting once again the totally ramified hypothesis. 

A. 0.4. There are many known instances of elliptic curves satisfying the hypotheses as- 
sumed in this appendix. For example, let F be a finite field of characteristic p > 2 and 
consider the function fields k = F(s) and K = ¥(t), with s = t 2 . Let A be defined by the 
Weierstrass equation 

A : y 2 = x(x + l)(x + s) = x(x + l)(x + t 2 ). (141) 

This is an elliptic curve having split multiplicative reduction at t = 0, t = oo and (if — 1 
is a square in F) t = ±1, and good reduction at all other places. Therefore, as a divisor 
of K the conductor rt of A/K is the sum of these four places. The elliptic curve A/K is 
well known to have Hasse-Weil function L(A/K,s) = 1: one way to prove it is to observe 
that A is associated with a modular form and apply the corollary of [Tan931 Proposition 
3]; another approach (closer to the methods of [Ta66j ) is explained in |Shi92] . 

Equation (|141|) is an instance of Beauville surface: they exist in all characteristics and 
always satisfy the hypotheses of this appendix. See |Lan91] for a full discussion and classi- 
fication. 



A.l. The algebraic side. In the following, we fix a topological generator 7 of T and put 
T := 7 — 1 G A; then T is a generator of the augmentation ideal /. By abuse of notation, 
we also identify 7 with a generator of T n for all n. 



A. 1.1. Since L/k is Galois, our ramification hypotheses imply that the Gal(iT/A;)-orbit of 
contains no other place of K. Besides, we are assuming that A is already a Tate curve 

over k VQ and thus we have Q £ k* . 

Let J\f C K* Q denote the group of universal norms of the local extension L Vo / K Vo . Write 

rec for the reciprocity map of local class field theory: then we have rec(r(x)) = rrec(x)r _1 

for any x £ K* Q , and hence r(x) = x~ l mod N . In particular Q = Q~ l mod M, so that 

Q 2 G Af. As K* JN ~ T is torsion free, we deduce that Q eAf. 
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Lemma A. 1.1. Let v be a place of K. Then 

if v is a place of good reduction; 

a finite group if v is an unramified place of bad reduction; 
Qp/Z p ifv = v . 

Proof. For unramified places, this is a consequence of [Mil86al I, Proposition 3.8]. As for 
vo, observe that for any n we have A(K n:V0 ) ~ K^ Vo /Q z . We deduce the exact sequence 

H 1 ^,^)— > H 1 ^,^,^,))— ► H 2 (r n ,Q z )^ R 2 (T n ,K* V0 ), 
that we can rewrite 

0^ H 1 (r n , A(K n>VQ )) > Q z /Q^ z ^ Kl/N Kn , vjKvo {K*J . (142) 
Since Q £ M, the map Q z — > K* Q /N Kn Vq /k vq (K%,v ) ^ s trivial. Thus we obtain 

K l (T n ,A(K n , V0 ))~p- n Z/Z. (143) 

As n varies, this isomorphism is compatible with the inflation maps on the left and the 
canonical inclusions on the right, thereby proving the assertion. □ 

Corollary A. 1.2. The group Sei p °o (A/L) T has Z p -corank at most 1. 

Proof. Applying the snake lemma to the diagram 

► Selpoo(AfK) ► Rl(K,A p oo) ©^H 1 ^^) 



► Sel p oo(A/L) r ► YL\{L,A p oof w H 1 (A,,A) r « 

we get an exact sequence 

R 1 (T , Apoa (L)) — > H — > Selpoc(A/L) T /Selpoo(A/K) — ► H 2 (r, A^>{L)) = 0, 

where H is a subgroup of ©„ H 1 (r« 5 A(L V )) and the equality on the right comes from the 
fact that r has cohomological dimension 1. The claim follows from Lemma IA.1.1| since 
Ap°o(L) and §e\ p °°{A/ K) are finite groups. □ 

Remark A. 1.3. The group G := G&l(K/k) acts on H 1 ^, A) and the other cohomology 
groups appearing in the above discussion. In particular, since vq does not split in K/k, G 
acts on H 1 (r, A(L V0 )). The connecting homomorphism in (|142p is a map of G-modules and 
so is the isomorphism (|143j) . because Q 6 k v . Therefore we have 

E 1 (T,A(L V0 )) = R 1 (T,A(L V0 )) G . 

A. 1.2. Consider the localization map: 

loc K : R\K,A)^ 0^(^,4). 

v 

The generalized Cassels-Tate dual exact sequence of [GT071 Main Theorem] identifies, for 
any integer m, the cokernel of Iock with the Pontryagin dual of 

T m Sel^/K) := hm Sel m n (A*/K) . 

In our case A is an elliptic curve, so A = A t . Taking the inverse limit of the sequence 

0^ A(K)/m n A{K)^ §e\ mn {A/K)^ UI(A/K)[m n }^ 
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we see that T m Sel(A/K) is always finite, and trivial for almost every m, because so are 
A(K) and U1(A/K). Hence Iock has finite cokernel and, by the inclusions 

V 

it follows that 

n -.= h 1 ^, n / oc ^ ( h 1 ^, a)) 

has finite index in H 1 (r, A(L VQ )). Since the latter is p-divisible, we must have 

H = H^A^J) C loc K (R\K,A)). (144) 

Write £ := loc^ 1 (B 1 (V , A(L Vo ))) and let res L/K : R l {K,A) ->• H 1 (L, A) denote the re- 
striction map. We have an exact sequence 

0^ TII(A/K)—> E H^r^Aj)— ►(). (145) 

It follows that locL{resL/K{E)) = 0, because restriction and localization commute and 
R l (T,A(L V0 )) has trivial image m ® v 

Let D be the divisible part of E: then Z? ~ Q p /Z p , since III (.A/If) is a finite group. By 
construction D is a subgroup of H 1 (Jf, A), killed by Iocl res^/x'- that is, 

res L/K {D) CHV(A/L) r . (146) 

A. 1.3. For the proof that X p (A/L) is not torsion, we are going to reason by contradiction. 
Thus in the following we assume that X p (A/L) is torsion. 

Let 21 be the Cassels-Tate T-system defined in Section Since A = A*, 

a n = b n = UI p ^(A/K n )/UI p ^(A/K n ) div = Sel p ~> (A/ K n )/ Sel p ^ ( A / K n)div 

By ()48p . our hypothesis on X p (A/L) implies that a = b is actually torsion. The Cassels-Tate 
pairing induces, for every n, a perfect alternating pairing: 

(,) n : b n x b n — ► Qp/Zp. 

Then the module b^ := lim b m is identified with the Pontryagin dual of b. 

Proposition A. 1.4. The Z p -rank ofb/Tb equals 1. 

Proof. First, note that, by Lemma f5.2.8l the finiteness of Sel p oo (A/K) implies Sel p oo (A/K n ) r 
is finite for every n > 0. Then Lemma 15.2.81 and Lemma 15.2.91 imply that for n S> 0, 

SeW,(A/L) r = (Sel div (A/Lf (n) ) r = (Sel p ~(A/K n ) div ) r C Sel p o= (A/# n ) r 

is also finite. By duality, the Z p -module Y p (A/L)/TY p (A/L) is finite. This also implies that 
Y p (A/ L)[T] is finite, because Y p (A/L), as a submodule of the Z p -free part of X p (A/L), is 
a finitely generated Z p -module. Since (|48p and the snake lemma yield the exact sequence 

y p (A/L)[T]-^ b/Tb^ X p (A/L)/TX p (A/L)^ Y P (A/ L) /TY P (A/ L) , 

it follows from Corollary IA.1.21 that the Z p -rank of b/Tb is at most 1. 
For the other inequality, consider the composition 

res r i K _, _, 

7T : D - III p0 o (A/Lf b^ . (147) 

Let M denote the preimage of D under the natural surjection from H 1 (if, A p oo) to the 
p-primary part of H 1 (if, A). Because A(K) is finite, the exact sequence 

— ► Q P /Z P <g> A(K) — ► M — ► D — ► 
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implies that M is of corank 1 over Z p . By Lemma |5.2.2| the kernel of the restriction map 

p oo) is of finite order, and hence res^/^(iE) C Sel p oo(^4/L) r is also 
of corank 1 over Z p . If the image of tt were finite (and thus trivial, as D is p-divisible) then 
res L / K (M) would be contained in Sel^(j4/L) r , which has just been shown to be finite. 
This is absurd. Therefore, the corank of is at least 1, and by the duality the rank of 
b/Tb is at least 1. □ 

Proposition IA.1.41 implies that there exist some r > 1 and £j £ A, i = 1, s, coprime to 
T so that 

s 

[b] -A/rAe0A/(,A. (148) 

i 

Lemma A. 1.5. Let r be as in f|148|) . Then the indexes of the subgroups t n (b) C b n and 
t n (b[T r ]) C b n [T r ] are bounded as n varies. 

Proof. The same argument already used in the proof of Proposition 18.2.31 shows that 
Sel p °°(A/ Kn)^ stabilizes for n S> 0. Thus, by (|44"|) and the inequality (f5Tj) . the kernel 
of the map b n — > b^ is of bounded order. By duality the cokernel of t n : b — > b n is also of 
bounded order. Denote t) := b/b[T r ] and 5 n := t n (t>). By (|148|) . is annihilated by some 
g € A coprime to T. Then we have p s 6 (T r ,g) C A for some s > 1. Therefore, if cti, ...,a; 
are generators of d over Z p , then the order of cJ n [T r ] is bounded by p sl . □ 

A. 1.4. In order to exploit the anticyclotomic assumption, we now consider the action of 
G := G&l(K/k) = (t) on b. We lift G to a subgroup of Gsl(L/k). Note that the maps Iock 
of (|145p and tt of (|147j) are both compatible with the action of G. 

Lemma A. 1.6. There exists x £ b[T r ] G such that [b[T r ] : A x] < oo. 

Proof. Remark I A. 1.3 1 yields that (1 — t)D is contained in Ker(^oc^) and hence is trivial 
(because D is divisible). Thus we have tt(D) = tt(Dg) = tt(D)g and by duality (see the 
proof of Proposition IA.l!4|) it follows that (b/Tb) G has rank 1 over Z p . Also the image 
of b[T r ] in b/Tb is of Z p -rank 1, by ()148p . so there must be y £ b[T r ] such that y mod 
Tb is G-invariant and has infinite order. Choose x := (1 + r)y. Then x G b[T""] G and Ax 
has finite index in b[T r ] ~ A /T r A since x = 2y (mod Tb) generates a free Zp-module in 
b/Tb. □ 

Let c := Ax and c n := t n (c). 

Lemma A. 1.7. As n varies, the orders of the cokernels of the maps c n — > b n [T r ] and 
b n are bounded. 

Proof. By (fllHl) the cokernel of b[T r ] -> b -> b/T r b is finite. Then apply Lemma lAXKI and 
Lemma IA.1.61 □ 

Lemma A. 1.8. We have 

(c„,c n )„ C (Q„/Zp)[2]. 

So (c n , c n ) n has at most 2 elements and it is trivial if p ^ 2. 

Proof. Write x n := 6 re (x). For any A € A we have 

{x n ,Xx n ) n — (\x n ,x n ) n — (x n , X^x n ) n , (149) 

using first the fact that ( , ) n is alternating and then its T-equivariance. On the other 
hand, the pairing is also G-invariant and x = rx implies 

{x n , Xx n ) n = {tx u , T^Xx n )) n = (x n ,X^x n ) n , (150) 



TV 

because t(Xx) = (t\t~ 1 )tx and the action of r on A is precisely A i-> A*, by the anticy- 
clotomic hypothesis. Equalities (|149p and (|150p together prove 

2(x n , X^x n ) n — 

and this suffices, since c n = Ax n . □ 

A. 1.5. Now we can finally obtain a contradiction. The Cassels-Tate pairing makes b n [T r ] 
and b n /T r b n dual to each other . Lemma [A. 1.71 implies that the subgroup 

(c„,c n ) n C (b n [T r },b n /T r b n ) n 

has bounded index as n varies. Since tt(D) C boo[r] C boo[T r ] = lim b n [T r ] is infinite, we 
must have 

(J(Cn,C„)„ = Qp/Zp, 

a contradiction to Lemma lA. 1.81 

A. 2. The analytic side. In this example X p (A/L) is non-torsion, whence its character- 
istic ideal is trivial. In the spirit of the Iwasawa main conjecture one expects that the 
corresponding p-adic L-function should be 0. Here we verify this. 

In the function field setting, non-isotrivial elliptic curves are known to be modular: that 
is, there is a cuspidal automorphic function / associated with A; its level is n, the conductor 
of A/K (as a divisor of K). For any n > 0, let D n denote the divisor uvq and let K(d n )/K 
be the corresponding ray class field. It is shown in |Tan93] how to construct a modular 
element ©a n ,/ £ lt p [G&\(K(Q n )/K)], such that for each oj € Gal(K(d n )/ K) v one has 

w(e w ) = r w .L(A,a;,l), (151) 

where r w is a Gauss sum. 

By |Tan93l Proposition 2, 2.(d)], the maps 

Z p [G a l(K(d n+1 )/K)}^Z p [G a l(K(d n )/K)} 

send the modular elements ©o„,/ into each other, so that one can take their limit 0. Any 
abelian extension of K totally ramified above i>o and unramified elsewhere is contained in 
L)K(D n ): in particular this holds for our L. Let be the image of under the projection 

limZ p [Gal(K(d n )/K)} — ► A. 

Equation (|15ip shows that satisfies the interpolation property required for the p-adic 
L-function. 

Observe that ©o n j is invariant under the action of Ga\(K/k), since the modular elements 
are already defined above k. On the other hand, by [Tan931 Proposition 3] we have 

©W = -©£/ • 



where r] € Gal(K(D n )/ K) corresponds to the divisor n' = n — vq. This implies that = 0. 
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